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Introduction 


A polynomial ring over a field is very simple to define but yet very difficult 
to handle in the case with two or more variables. Although polynomial 
rings modulo ideals give rise to affine algebras, which are fundamental in 
algebraic geometry, complexity of polynomial computations bars trials to 
looking into the properties of polynomials. For example, one would like to 
know the relations between the form of a polynomial standardized after some 
operations and geometric or topological properties of the hypersurface dehned 
by the given polynomial. Some scattered results are obtained through various 
investigations around this direction, e.g., polynomial mappings defined by the 
given polynomial and other topics. 

Recent developments of affine algebraic geometry, especially the theory 
of open algebraic surfaces, provide means to systematically explore geomet¬ 
ric and topological properties of polynomials in two variables. Nevertheless, 
there is one unsurmountable problem remained even in the case of two vari¬ 
ables, that is the Jacobian conjecture. It has been unsolved for more than 
sixty years since O.H. Keller [Ganze Cremona-Transformationen, Monats. 
Math. Physik 47 (1939), 299-306] proved erroneously that a polynomial en¬ 
domorphism ip of the complex affine plane (which we denote also by A^) 
with everywhere non-vanishing Jacobian determinant is an automorphism. 
Difficulty of the conjecture lies probably in the point that the affine plane 
is so simple and there are no clues to tackle the problem geometrically. 
The following four approaches or extra conditions to be put additionally will 
explain what we need or expect to have as clues in dimension two. In order 
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to explain these approaches, we note hrst that the condition on the Jacobian 
determinant to be nowhere vanishing is eqnivalent to the condition that (p is 
etale (or nnramihed if there are singular points on varieties concerned). 

(1) Let G be a hnite subgroup of Ant (C^). Suppose that the endomorphism 
ip commutes with the G-action. Then (p induces an endomorphism Tp of the 
quotient surface C^/G such that Tp is nnramihed. Since G is regarded as a 
linear subgroup, the quotient surface C^/G has a nice structure of a Platonic 
C*-hber space if the unique singular point removed, which is, by dehnition, a 
smooth algebraic surface with a C*-hbration over the projective line and 
with three multiple hbers whose multiplicity sequence is a Platonic triplet. 
If one can show that Tp (or its restriction onto C^/G — {a singular point}) 
is an automorphism, then ip itself is an automorphism. This is the so-called 
equivariant version of the Jacobian conjecture in dimension two. 

(2) Let G be a curve on C^. Suppose that ip satishes the condition ip~^{C) C 
G. Then ip induces an etale endomorphism of \ G. It is shown in [3l [35] 
that if G is irreducible the conjecture is affirmative with this extra condition. 
But the case where G is reducible is not worked out. 

(3) Let X be a smooth affine surface and let ip is an etale endomorphism 
of X. One can ask as an analogy of the Jacobian conjecture if ip is an 
automorphism. But this is not quite so as the n-th power mapping of the 
algebraic torus group Gm is an etale hnite endomorphism of degree n. So we 
ask instead if (p is a hnite morphism, and we call this the generalized Jacobian 
conjecture. It will be reviewed later that the generalized Jacobian conjecture 
is again false in general as there are many counterexamples. But one can 
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expect that the conjecture holds for surfaces which are quite similar to C^. 
One of the candidate surfaces is the complement \ O of a plane curve C 
dehned by XQXf~^ = for d > 2. This surface is a kind of Q-homology 
plane and has a structure which we generalize as an affine pseudo-plane. 
Namely it has an A^-£bration over the affine line which has a unique 
multiple hber. We shall discuss in the subsection 1.4 some results on affine 
pseudo-planes concerning the cancellation problem. See also [Tn| [30] . It is 
strongly desired to verify if the generalized Jacobian conjecture holds for 
affine pseudo-planes. 

(4) Suppose that there exists a non-isomorphic, etale endomorphism tp of 
C^. We are interested in algebraic surfaces Y which might factorize p in the 
sense that p : Y C^. Note that pi and p 2 are etale and we may 

assume that they are almost surjective in the sense that the image includes 
all codimension one points. In general, given a morphism / : X —)■ F of 
smooth affine varieties, we say that X is an affine pseudo-covering of F if / 
is almost surjective and etale. So, we are interested in what kind of surfaces 
are affine pseudo-coverings of or what kind of surfaces have as affine 
pseudo-coverings. These points of view are taken up in the subsection 2.4. 

The author started to write the present lecture notes for the lecture(s) 
to be delivered at the Mathematics Department of I’Universite de Bordeaux 
I and, in fact, talked on the beginning parts 1.1 and 1.2 in January, 2003. 
The most of the hrst section was lectured at the Department of Mathemat¬ 
ics, Osaka University during the hrst semester of the year 2003. There are 
some inhuences in the notes by lecturing in the classes. For example, the 
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subsections 1.1 and 1.2 as well as the other parts are elementary, well-known 
or short of full explanations. But we left these parts in the notes as they are 
because the notes grew as the author teaches in the classes and thinks the 
Jacobian problem once and again. So, the readers might as well skip 1.1, 1.2 
and 1.3. The author gradually began to have the idea of putting together 
various results of the author and his collaborators which were published in 
journals and proceedings [3l UHl [20], EH] |33ll35]. But these notes are not sim¬ 
ple reproductions of the past results. There are some new results contained 
in the subsections 1.4 and 2.5. Meanwhile, most results in the subsections 
2.2, 2.3 and 2.4 are the reproductions from [35]. We added the subsection 
2.1 for the readers convenience to have a quick overview on the present (not 
necessarily updated) status of the Jacobian conjecture. 

The author would like to express his sincere gratitude to Professors Phillipe 
and Pierrette Cassou-Nogues of I’Universite de Bordeaux I for their kind 
hospitality during the stay of the author in Bordeaux and to Professor R.V. 
Grujar for mathematical discussions on the e-mails. Furthermore, the author 
would like to thank Professor A. Fujiki who advised the author to publish 
these notes as one volume in the lecture note series of the Department of 
Mathematics, Osaka University. 
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CHAPTER 1. CHARACTERIZATION OF POLYNOMIAL RINGS 


1.1 General properties of polynomial rings 

Let A; be a field. A polynomial ring k[xi, in n variables over A; is a com¬ 
mutative A;-algebra consisting of finite sums of monomials 0 ^ 1 .. 
where adi-dn G k and monomials are multiplied by the rule 

Xf A X;^ '''^n ~ '''^n 

Hence two polynomials f = J2d and g = J2d bdi-dn^t 

are added and multiplied as follows: 

f + 9 = '^{adi-dr. + bd,-djxi^ ■ ■ ■ x't, 

d 

f9 = ^Yl (ldvd„be,-er.xT ■ • 

c c=d-\-e 

For a ring R, we denote by R* the set of invertible elements of R. Note 
that R* is a group under the multiplication of R. For an element a E R*, 
the group inverse is the inverse a“^ of a in R. For an integral domain R, 
an element a is irreducible if a = be with b,c E R implies either b E R* or 
c E R*. i? is said to be decomposable if for any nonzero element a E R, there 
is at least one irreducible decomposition a = ubi ■■ - bn, where u E R* and 
bi,... ,bn are irreducible elements. 

Lemma 1.1.1 If R is a noetherian domain then R is decomposable. 

Proof. Suppose that an element a has no irreducible decomposition. Then 
a is not irreducible. Hence a = aOi with non-invertible elements ai,6i G R. 
Then either oi or bi has no irreducible decomposition, say ai. Repeating this 
argument, we find an infinite series of non-invertible elements 0 , 01 , 02 ,-•• 
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such that Gi = Gi+ibi+i and a* has no irreducible decomposition. This implies 
that there is an ascending chain of ideals aP C aiR C ■ ■ ■ C QnP C ■ ■ ■. This 
contradicts the hypothesis that R is noetherian. Q.E.D. 

Finally, R is said to be factorial or a unique factorization domain (UFD) if 
R is decomposable and if whenever there exist two expressions a = uhi ■ ■ - hn = 
vci ■ ■ ■ Cm with u,v E R* then n = m and ba(i) = UiCi {1 <i < n) for a suit¬ 
able permutation a of {1, 2,..., n} and Ui E R*. 

Let R be an integral domain. Let a,b E R. Then a divides b if b = ac for 
some c E R. An element p E R is called a prime element if p divides ab with 
a,b E R then p divides either a or b. This dehnition is equivalent to saying 
that the ideal aR is a prime ideal, i.e., the ring R/{a) is an integral domain. 
A prime element p is irreducible, for if p = ab then a = pu or b = pv with 
u,v E R, and ub = 1 or av = 1, i.e., either u or u is invertible. 

Exercise 1.1.1. Let R be an integral domain. Show that if R is factorial 
then every irreducible element is a prime element. Suppose further that R 
is decomposable. If every irreducible element is a prime element, then R is 
factorial. 

Suppose that R is noetherian and hence decomposable. Given two ele¬ 
ments a, b of R, we say that c E R is a common divisor of a, & if c divides a 
and b, c \ a and c | 6 by notation. An element d of i? is a greatest common 
divisor of a, 6 if d is a common divisor of a, b and any common divisor e of 
a, b divides d. If R is factorial, such an element d exists and is uniquely 
determined up to multiplication of an invertible element. So, we denote d 
by gcd(a, b). For elements oi,..., of i?, we can also dehne the greatest 
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common divisor gcd(ai,..., am) if R is factorial. 


Exercise 1.1.2. Suppose R is noetherian and factorial. For elements Oi,.. 
Qm of R, write 


qW „(i) 

ai = P2^ ■■■PY , 




where Ui G R*,a^^^ > 0 (1 < j < n) and Pi,P 2 ,-'' iPn are mutually non- 
divisible prime elements. Show then that gcd(ai,..., am) is given by 




■■Pn 


where j3j = min(Q;^‘ 


(i) 


Mm] 


Theorem 1.1.2 The polynomial ring k[xi ,..., Xn] has the following proper¬ 
ties. 


( 1 ) k[Xi, ■ ■ ■ ,Xn]* = k*. 

(2) k[xi,. ■ ■, Xrf\ is factorial. 

Proof. The proof consists of showing that (1) a polynomial ring k[x\ is 
factorial and (2) R[x\ is noetherian and factorial provided so is R. The 
assertion (1) is Exercise 1.1.3 below. We shall prove the assertion (2). Let K 
be the quotient held of R. Note that R[x\ C K[x\. Let f{x) = aQx'^+aiX^~^ + 
■ ■ ■ + ad-ix + Orf be a polynomial in R[x\. We say that / is primitive if the 
coefficients Oq, ai,. ■ ■ Md has no common divisor. If f{x) = aox"' + aix"'~^ + 
■■■ + an and g{x) = box^ + bix^~^ + ■ ■ ■ + are primitive polynomials 
with ao&o 7^ 0, then the product f{x)g{x) = X]r=5r(Sj=o 
primitive as well. In fact, if f{x)g{x) is not primitive, then there is a prime 
element p of R such that p divides all the coefficients of f{x)g{x). Suppose 
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that p I aj for 0 < j < £i,p J/a^i and p | bj for 0 < j < £2 and p Then p 
does not divide the coefficient 0 ‘ibei+i 2 -i ~ (^eibi^) of the term 

of degree £i + £ 2 . This is a contradiction. 

Given a polynomial h{x) of K[x], we hnd elements c,d E R and a primitive 
polynomial f{x) G R[x] such that gcd(c, d) = 1 and ch{x) = df{x). Note that 
c = 1 if h{x) G R[x]. Furthermore, if h{x) is an irreducible element of R[x], 
then d = 1. Hence h{x) is primitive. Let h{x) be an irreducible element of 
R[x] again. If h{x) splits as h{x) = f'{x)g\x) in K[x\ with deg/'(a;) > 0 and 
deg 5 f'(a;) > 0, then ch{x) = df{x)g{x), where c,d E R with gcd(c, d) = 1 and 
f{x),g{x) E R[x] which are primitive and differ from f'{x),g'{x) by elements 
of K. Since f{x)g{x) is primitive, it follows that c = 1. Hence h{x) is not 
irreducible. This implies that an irreducible element of R[x] is irreducible in 
K[x] as well. We shall show that if f{x) is an irreducible element of R[x] then 
f{x) is a prime element. In fact, if f{x) is constant, i.e., f{x) = a E R, then 
a is irreducible in R and hence prime. So, the ring R[x]/{f{x)) is isomorphic 
to {R/{a))[x], which is an integral domain. So, f{x) is a prime element in 
R[x]. Assume that f{x) ^ R. Suppose that g{x)h{x) = f{x)q{x), where 
g{x),h{x),q{x) G R[x]. Since f{x) is irreducible, f{x) divides either g{x) or 
h{x) in K[x]. Suppose f{x) \ g{x) in K[x]. Write g{x) = f{x)q'{x) with 
q\x) E K[x\ and write cq'{x) = dq{x), where c,d E R with gcd(c, d) = 1 
and q{x) E R[x] is primitive. Then cg{x) = df{x)q{x), where f{x)q{x) is 
primitive. Hence c = 1, and g{x) = df{x)q{x), i.e., f{x) \ g{x). So, f{x) 
is a prime element of R[x]. Since R[x] is noetherian, it follows that R[x] is 
factorial. Q.E.D. 


Exercise 1.1.3. Show that k[x] is a principal ideal domain (PID) and that 
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a PID is factorial. 

Exercise 1.1.4. Let R be an integral domain. Show that if a polynomial 
ring R[x] is factorial so is R. 


1.2 Squeezing-out one variable 


Let R be an integral domain which we assume to be hnitely generated over 
a held k of characteristic zero. We are interested in a question asking which 
conditions make R a polynomial ring over k. One approach is to squeeze 
out one variable from R via an algebraic group action. Let 5 be a /c-linear 
endomorphism of R. The we call 6 a k-derivation if S{c) =0 for E k and 
6{ab) = a5{h) + M(a) for a,b E R. Then we can show that 


S^(ab) = 5^{a)b + n5^-\a)5{b) + ■ ■ ■ + 


j S^-\a)S\b) + ■ ■ ■ + aS^{b). 


Furthermore, we say that S is locally nilpotent if for every a E R, = 0 

for iV 3> 0. Dehne a subset Ker 5 by {a G i? | 6{a) = 0}. Then Ker 6 is 
a A;-subalgebra of R. It is straightforward to prove the following result by 
making use of the above formula. 


Lemma 1.2.1 Let t be a variable and define a k-linear mapping (p : R ^ 
R[t] by 

OO ^ 

n=0 

Then ip is a k-algebra homomorphism. 


In terms of schemes, the homomorphism p) gives rise to a morphism 
a ■. Ga ^ X ^ X, where Ga = Spec k[t] endowed with a group law and 
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called the additive group scheme and X = Spec R. The group law on 
Ga is given in such a way that for a /c-algebra A and for elements g, g' G 
Ga{A) ;= Homfc_aic,(/c[t], A) = A, the product of g,g' under the group law 
is the addition of g,g' in A. The morphism a dehnes a group action on X 
in the sense that for a A;-algebra A and for g,g' G Ga{A) and x G X{A) := 
Eomsch{Spec A, X) = B.omk-aig{R, A), we have a{g,a{g',x)) = a{g ■ g',x) 
and a(e,x) = x, where e is the identity of the group Ga(A) that is 0 in 
A. If we identify g G Ga(A) with an element of A and x G X(A) with a 
/c-homomorphism R ^ A, the element a{g,x) G X{A) corresponds to the 
/c-homomorphism R ^ A dehned by a e-)■ 

Lemma 1.2.2 Let 5 be a non-trivial, locally nilpotent derivation on R and 
let Rq = Ker S. Suppose there exists an element u of R such that S(u) = 1. 
Then R = -RqM and u is considered to he a variable over Rq. 

Proof. For a E R, dehne the 5-length i{a) by i(a) = min{n | 5"'~^^{a) = 0}. 
It is equal to the degree of a t-polynomial (p{a). We proceed by induction on 
i(a) to show that a G Ro[u]. If i{a) = 0, then a G Rq. Let n = i(a). Then 
5"'{a) 7 ^ 0 but 5"''^^{a) = 0. Hence 5"'{a) G Rq- Set ai = a — 5'^{a)u^/n\. 
Then (5”(ai) = 0. Hence i{ai) < n. So, ai G Ro[u\ by the hypothesis of 
induction. Then a = Oi + {5'^{a)/n\)u^ G Ro[u\- So, R = Ro[u]. We have 
to show that m is a variable over Rq, i.e., u is algebraically independent over 
Rq. Suppose to the contrary that there exists an algebraic relation 


CqU^ + CiU^ ^ + ■ ■ ■ + Cn, — 0, 
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where cq, ..., c„ G -Rq with coc^ 7 ^ 0. We assume that n is the smallest among 
all such relations. Apply 6 to the left hand side of the equation to get 

ncou"'~^ + {n — + • • • + c„_i = 0. 

Since Cq 7 ^ 0, this is a non-trivial relation. Hence this contradicts the choice 
ofn. Q.E.D. 

Let 5 be a non-trivial locally nilpotent derivation on R. Then there 
exists an element such that 6{z) 7 ^ 0. Let n = l{z). Then n > 1. So, set 
X = 5'^~^{z) and a = S"'{z). Then S{x) = a and a G Rq. Denote by R[a~^] 
the ring of fractions of the form h/oP, where b & R and m > 0. It is then 
easy to see that 6 extends to a locally nilpotent derivation (denoted by the 
same letter 5) dehned by 5{h/aP) = 5{h)/aP. Since 6{x/a) = 1, Lemma fl. 2. 21 
implies that = Ro[a~^][x/a\ = /2[a“^][a;]. Thus we have shown the 

following result. 

Lemma 1.2.3 Let 6 be a non-trivial locally nilpotent derivation on R. Then 
there exist elements a,x such that a G Ro,d(x) = a and R[a~^] = i?o[a“^][x]. 

An affine k-domain is by dehnition an integral domain which is hnitely 
generated over a held k. Let K be the quotient held of R. We dehne tran¬ 
scendence degree of K over K (denoted by tr.deg ^K) as follows and then 
dehne dimension of R over k (denoted by dimi?) by tr.deg kK. Note that 
K is hnitely generated over A; as a held. Namely there exists a system of 
elements {^ 1 ,... such that every element of K is written as a fraction 
/( 6 , • • •, two polynomials /(xi,..., Xn),g{xi, ..., x„) with 

coefficients in k and with xi,..., replaced by ^ 1 ,..., We apply the fol- 
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lowing process of taking in and throwing away the elements ... ,^n- Con¬ 
sider ^ 1 . If is algebraically independent over k, then take it in. Otherwise 
throw it away. Consider next ^2 over k{^i). If ^2 is algebraically indepen¬ 
dent over k{^i) then take it is and throw it away otherwise. Continue this 
process. At the Ath step, consider over k{^i,... and take it in if it 

is algebraically independent over ..., Otherwise throw it away. 

After considering all elements ^ 1 ,... ,^n, let rji,... ,rid be the elements we 
took in. Then K is algebraic over k{r]i,... ,rid). The above process depends 
on the choice of generators {^ 1 ,... and the order of arranging these n 
elements. But the number d of the elements we take in is independent of 
these choices. So, it is an invariant which is proper to K. This number d is 
called transcendence degree of K over k and denoted by tr.deg kK. 

Theorem 1.2.4 Let R he an affine domain of dim R = 1. If R is given a 
non-trivial locally nilpotent derivation 5, then R is a polynomial ring in one 
variable over a field Kq which is a finite algebraic extension of k. 

Proof. By Lemma ri.2.31 where is hnitely 

generated over k. Since x is algebraically independent over and since 

dimi? = 1, it follows that every element of is algebraic over k. Hence 

is a hnite algebraic extension of k and coincides with the quotient 
held Kq of Ro. Q.E.D. 

Remark. It is known [3l] that an affine domain R of dimi? = 1 dehned 
over an algebraically closed held fc is a polynomial ring over k if and only if 
R is factorial and R* = k*. 
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Let R be an affine domain and let Ro be a fc-subalgebra of R such that 
R[a~^] = i?o[a~^][x] with a E Rq and with x algebraically independent over 
Rq. Dehne a locally nilpotent derivation d on R[a~^] by setting d{x) = 
1 and d{b) = 0 for V6 G Rq. Write R = k[ui,... ,Un] with a system of 
generators of R. Then a^^d{ui) G R for m* > 0. Let m = 

max{mi,..., rrin} and let 6 = a'^d. Then it is easy to see that 5 is a locally 
nilpotent derivation on R with 5 |ro= 0. We shall show that Ker 6 = Rq 
provided Rq satishes the property that Yb G Rq with r > 0 and b E Rq 
implies b E Rq. In fact, we have Rq C Ker 6. Suppose 5(6) = 0 for b E R. 
Then b E Hence Yb E Rq. By the assumed property, we have 

b E Rq. Hence Ker S = Rq. 

Theorem 1.2.5 Let R be a factorial affine domain defined over an alge¬ 
braically closed field k of characteristic zero. Suppose that there is a non¬ 
trivial locally nilpotent derivation d on R and that R* = k* . Then R is 
isomorphic to a polynomial ring in two variables over k. 

Proof. (I) Let Rq = Ker 5. Let a 7 ^ 0 be an element of Rq. Suppose a = be 
with b,c E R. By applying (p : i? — >■ R[f\ associated to 6 (cf. Lemma [1.2.ip . 
we have a = ip{b)ip{c). Since R is an integral domain, both ip{b) and ip{c) 
are constant polynomials in t. Namely, b,c E Rq. A /c-subalgebra Rq of R 
having this property that a = be with b,e E R implies b,e E Rq is said to 
be inert. Then it is easy to show that an inert fc-subalgebra of a factorial 
domain is factorial as well. Since Rq = k*, Rq is a polynomial ring k[f] by 
the remark after Theorem I1.2.4I Since Rq is inert, it is easy to show that 
f — a is irreducible in R for every a E k. 
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(II) By Lemma [1.2.3[ there exist an element a = YYi=i{f ~ “*) of -^o and 
an element g E R — Rq such that R[a~^] = [g]- U f — ai divides g — /3 

for some 1 < i < n and (3 E k, then replace g hj g' = {g — /3) /{f — «*). If 

g' — /?' is divisible by some f — at for some /?', we do the same replacement. 
Hence we may assume that g — f3 is not divisible by / — «* for '^(3 E k and 
Vh Consider an i?o-algebra homomorphism vr : k[f,g] -E R. For any a E k, 

let tTq : k[g] -E- Ra be the reduction of vr modulo (/ — a). Since g — (3 is 

not divisible by / — a, the homomorphism tTq is injective. Note that Ra is 
an affine domain of dimension one, for / ia algebraically independent over 
k. Under this condition, Zariski’s main theorem (cf. [23]) says that vr is an 
isomorphism. Namely, R= k[f,g]. Q.E.D. 

As a corollary of Theorem 11.2.51 we have the following result of Rentschler 

ra- 


Corollary 1.2.6 Let k be an algebraically closed field of characteristic zero 
and let k[x,y] be a polynomial ring in two variables. Let 6 be a locally nilpo- 
tent derivation of k[x,y]. Then 6 is written in the form 5 = f{x)d/dy after 
a suitable change of variables. 

Proof. By Theorem ll.2.51 there are two polynomials /, g such that Ker5 = 


k[f], k[x,y] = k[f,g] and 6 = ad/dg, where a E k[f]. Then make the follow¬ 
ing change of variables {x, y) ^ (/, g). Then Ker <5 = k[x] and 6 has the form 
f{x)d/dy. Q.E.D. 








12 CHAPTER 1. CHARACTERIZATION OF POLYNOMIAL RINGS 


1.3 Fibrations of the affine plane by polyno¬ 
mials 

We shall consider mostly a polynomial ring k[x,y] in two variables, where k 
is an algebraically closed field of characteristic zero. We may consider k to be 
the complex field C if necessary. Our objective is to look into the geometric 
properties of a given polynomial / G k[x,y\. One way is to consider a totality 
of the polynomials {f — a \ a E k}. 

Hereafter, we use a,b,c,--- instead of a, /3,'y, - ■ ■ to denote the elements 
of k. For the said purpose, we consider the ajfine plane which is the set 
of pairs {{a,b) \ a, b E k}. A curve on defined by an equation / = 0 
is a subset {(a, 6) | f{a,b) = 0}, where / E k[x,y]. We use the notations 
like V{f),C{f) to denote this subset. The residue ring k[x,y]/{f) is called 
the coordinate ring of the curve defined by / = 0. Sometimes, we consider 
a topology called the Zariski topology on A^ (and the induced topology on 
V{f) as well) such that the open sets are generated by the complements 
D{g) in A^ of the curves V{g) with g E k[x,y]. If = 0, V{f) is not 
the curve but the total space A^, while H(l) is the empty set. Furthermore, 
Difg) = D{f)OD{g) and D{f){JD{g) = A'^ — V (a), where a is the ideal (/, g) 
and V (a) is the set of points P such that h{P) = 0 for all h E a. For example, 
D{x) n D{y) = A^ — {x-axis} U {y-axis} and D{x) O D{y) = A^ — {(0, 0)}. 
So, all the points (a, b) are closed points. 

A curve V (/) is called irreducible if / is irreducible. Then the residue ring 
F(/) := k[x,y]/{f) is an integral domain, and one can consider its quotient 
field which we denote by Q{f) or k{C) if the curve is denoted by C. We call 
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Q{f) the function field of the curve V (/). 

Example 1.3.1. Let f = y + X{x) with X{x) G k[x]. Then r(/) = 
k[y],T{f)* = k* and Q{f) = k{y). Any curve whose coordinate ring is 
isomorphic to a polynomial ring in one variable is said to be isomorphic to 
the affine line A^. Hence V{f) for the above / is isomorphic to A^. Any 
irreducible curve V{f) is called rational if Q{f) is generated by one element 
over the field k. 

A curve isomorphic to A^ is classihed by the following result of Abhyankar- 
Moh-Suzuki 121150]. 

Theorem 1.3.1 Let f G k[x,y] satisfy the condition that V{f) = A^. Then 
there exists an automorphism a o/A:[a;, y] such that a{f) = x. Hence the 
curves V{f — a) are isomorphic to A^ for all a E k. 

We can consider a mapping of the sets A^ —)■ A^ dehned by (a, b) i—)■ 
f{a,b). Then the inverse image (called the fiber) of a point c of A^ is the 
curve V{f — c). We denote this mapping by A(/). It is called a linear 
pencil dehned by /. In the case of Theorem 11.3.li all the hbers of A(/) are 
isomorphic to A^. 

Example 1.3.2. A rational curve which is not isomorphic to A^ is exempli- 
hedbyH(/) withf = xy — l. Then r(/) = A:[a;, Hence T(f)* = k* xZ, 
where Z = {x” | m G Z}, and Q{f) = k{x). So, V{xy — 1) is not isomor¬ 
phic to A^. A curve isomorphic to V{xy — 1) is called an algebraic torus of 
dimension 1 and denoted by A^. 

Example 1.3.3. It is known that a curve dehned hj fa = y^ — x^ — a with 
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a E k* is not rational. Let C be a curve defined hj f = y'^ — and let 
A(/) : —>■ be a linear pencil defined hj f = — x^. Then the fiber 

y if a) with a 7 ^ 0 is not rational, while the fiber V (/o) is rational. 

Exercise 1.3.1. Show that the curve V (/) with f = y‘^ — x^ — 1 is not ratio¬ 
nal. In fact, if it were rational, there would exist polynomials g{t), h{t),i{t) G 
k[t] such that gcd(( 7 (t),/i(t), £(t)) = 1 and = g{t)^ + i{t)^. Show that 

this leads to a contradiction. 

In general, if the total degree of / becomes bigger, then the curve V{f) 
becomes far from being rational. In 1.2, we observed that a non-trivial locally 
nilpotent derivation 6 on an affine /c-domain gives a variable x such that 
R[a~^] = where Rq = Ker 5 and a G Rq- The subalgebra Rq 

needs not to be an affine fc-domain as seen by many counterexamples to 
the Fourteenth Problem of Hilbert mi HU [351 ESI E]. 0 It is known by 
Zariski [42] that Rq is finitely generated if dimi?o < 2. Suppose that Rq 
is an affine domain. We denote by Spec R an affine variety (or an affine 
scheme, in general) with coordinate ring R. Then the inclusion Rq ^ R 
defines a morphism f : X ^ B, where X = Spec R and B = Spec Rq. Let 
U be an open set of B such that a 7 ^ 0 on f/, i.e., U = Spec Then 

f~^[U) = U X A^. So, the fibers f~^{P) over a point P E U is isomorphic 
to A^. We define, in general, an h} -fibration to be a morphism of algebraic 
varieties f : X ^ B such that f~^{U) = U x for an non-empty open set 
U of B. Hence the morphism / : Speci? -E- Speci?o is an A^-fibration, which 
we call the quotient morphism under 5 or the associated G^-action. 

^Kuroda of Tohoku University has recently shown that a counterexample exists even 


in case dim Rq = 3. 
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Conversely, if given an A^-fibration f : X ^ B with affine varieties 
X = Spec R and B = Spec Rq, we find an open set U = D{a) G U such that 
R[a~^] = As explained after Theorem II .2 .41 there exists a locally 

nilpotent derivation S on R such that Rq = Ker S and / coincides with the 
quotient morphism under 6. This is the case only if B is an affine variety. If 
B is not affine, / does not come from a Ga-action. 

For an affine variety X = SpecR, we dehne the Makar-Limanov invariant 
ML (X) as the intersection of Ker 6 in the coordinate ring i? of X, where 
5 ranges over all locally nilpotent derivations of R. Hence ML (X) is a 
subalgebra of R. If dimX = 1 and there is a non-trivial locally nilpotent 
derivation 5, then Ker 5 = k. Hence ML (X) = k. When dimX = 2, we have 
the following result. 

Lemma 1.3.2 Let X = Spec R he an affine surface. Then one of the fol¬ 
lowing cases takes place. 

(1) ML (X) = R and there are no locally nilpotent derivations on R. 

(2) ML (X) = Kerb and there is a nontrivial locally nilpotent derivation 5. 
If 5' is another locally nilpotent derivation on R, then 5' is conjugate 
to 6, which signifies, by definition, that Ker 6' = Ker 6' and cS = d6' 
for some c,d E Ker 6. 

(3) ML (X) = /c and there are two algebraically independent locally nilpo¬ 
tent derivations 5 and 6', which signifies, by definition, that there are 
elements f G Ker 5 (resp. G Ker such that f (resp. f) is alge¬ 
braically independent overReiY (resp. Reid). 
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Proof. (1) If there are no locally nilpotent derivations on R, then ML(X) = 

R. 


(2) If (5 is a nontrivial locally nilpotent derivation, then R[a~^] = 

for a E Rq = Ker(5 and x E R. Let 6' be another locally nilpotent 
derivation on R. If S' is conjugate to <5 (<5 ~ 5' by notation), then it is obvious 
that Ker S' = Rq. Suppose dim ML (X) = 1. Then Rq 3 ML (X) and Rq 
is algebraic over ML (X). Since Ker S' ^ ML (X) and Rq is algebraic over 
ML(X), it follows that Ker 5' ^ Rq. This implies that Ker 5' = Rq = ML(X). 
Considering the derivation S', we can write R[b~^] = with h E Rq 

and y E R. In particular, RC)RoKq = Kq[x] = Koly], where Kq = Q{Rq). So, 
y = ax + (3 with a, (3 E Kq. Hence we may assume y = x hy replacing b with 
a suitable element of Rq. Since S = dd/dx and S' = cd/dx with c,d E Rq, 
we have cS = dS'. Namely S ^ S'. 

(3) Suppose dim ML (X) = 0. Then there exist locally nilpotent deriva¬ 

tions S, S' of R such that S' is nontrivial on Ker <5. Hence there exists an 
element ^ E Ker <5 such that 7^ 0- If orie writes R[b~^] = Ker [?/] 

with b E Ker S' and y E R, the element is a polynomial in y of positive de¬ 
gree with coefficients in Ker(5'[6“^]. Since y is algebraically independent over 
Ker S', so is the element Since S is nontrivial on Ker S', we hnd similarly 
an element E Ker S' which is algebraically independent over Ker <5. This 
implies that dim(Ker S fl Ker S') = 0 and Ker <5 fl Ker S' is algebraic over k. 
So, Ker 5 n Ker S' = ML (X) = k. Q.E.D. 
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1.4 Plane-like affine surfaces 

We say that a morphism f : X ^ B of algebraic varieties is an G-fibration 
if almost all hbers f~^{Q) with Q ^ B are isomorphic to one and the same 
algebraic variety G. We mostly consider the case where dim 5 = 1 and G is 
isomorphic to A^,Aj: and P^. Any hber F which is not isomorphic to G is 
called a singular Lhei of /. 

By Theorem 11.2.51 the affine plane A^ is an affine surface such that its 
coordinate ring R is factorial, R* = k* and there exists an A^-£bration 
p : X —)■ A^. In the following, we consider an affine surface X = Spec R 
with an A^-hbration p ■. X ^ G \= PP such that R* = k*. In order to look 
into the properties of X, we need to consider a smooth projective surface V 
which contains X as an open set and has a P^-fibration p : V ^ G = 
extending the A^-fibration p. This implies that p |x= P- Such a surface V is 
called a smooth compactification or a smooth completion of X. 

The existence of V and p is shown as follows. Since X is a closed subvari¬ 
ety of a certain affine space A^, we take the closure X of X in the projective 
space P'^ to which A^ is naturally embedded as the complement of a hyper¬ 
plane. Though X might have singular points, we can resolve singularities of 
X which are centered on X\X. Thus there exists a smooth projective surface 
V containing X as an open set. Then p : X ^ G extends to a rational map¬ 
ping p' : W —)■ G, where C* is a smooth completion of C, which means that G 
is a smooth projective curve containing G as an open set. In our case G is 
isomorphic to P^. If there exists points of V where p' is not defined, we can 
eliminate indeterminacy by applying a sequence of blowing-ups a \ V ^ V 
with centers outside X. Namely, the rational mapping p := p' ■ a : V —)■ C is 
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a morphism extending p. Note that there a general fiber of p is isomorphic 
to A^. Hence a general fiber of p is a smooth projective curve containing 
as an open set. Hence the general fiber of p is isomorphic to P^. Namely p 
is a P^-fibration. 

Here is another reasoning of finding an open embedding {X,p) {V,p) 

with p = p\x- Note that p~^{U) = U x for an open set U of C, where p\u 
is identified with the first projection ofUxA^ onto U. Since A^ is embedded 
into P^ as the complement of the point at infinity, U x A^ is embedded as 
an open set into Vq := C* x P^. Hence there exists a birational mapping 
ipo ■ X ■ ■ —> Vq such that Po ■ 4>o = P, where po denotes the first projection 
C* X P^ —)■ C*. If there are points on Vq (resp. X) corresponding to irreducible 
curves on X (resp. Vq) under the above birational mapping, we blow up the 
surfaces X and Vq to obtain Xi and Vi so that there are no points on Xi 
(resp. Vi) corresponding to irreducible curves on Vi (resp. Xi). Then Xi is 
identified with an open set of Vi by virtue of Zariski’s Main Theorem. Let 
a : Xi ^ X and r : Id ^ Vq be the sequences of blowing-ups. Since the 
exceptional curves in Xi arising from a is contained in Id as well, we may 
contract these exceptional curves in Id to obtain a smooth projective surface 
V. Then X is identified with an open set of V. It is then clear that there is 
a PLfibration p : V ^ C such that p\x = P- 

We shall recall some of the basic properties of a P^-fibration on a smooth 
projective surface. 

Lemma 1.4.1 Let p : V ^ B be a ¥^-fibration on a smooth projective 
surface V with base a smooth curve B. Let F be a singular fiber of p. Then 
the following assertions hold. 
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(1) Every irreducible component of F is isomorphic to . If two irreducible 
components meets each other, they meet transversally. Furthermore, 
no three components meet in one point. Hence F is a tree of smooth 
rational curves. 

(2) F contains a {—l)-curve, called a (—l)-component, and any {—l)-curve 
in F meets at most two other components of F. If a {—l)-curve E oc¬ 
curs with multiplicity 1 in the scheme-theoretic fiber F then F contains 
another {—l)-curve. 

(3) By successively contracting [—l)-curves in F and its images we can 
reduce F to a regular fiber. 

For the proof, see Gizatullin [IS] . 

A smooth projective surface V with a P^-fibration is called a minimal ra¬ 
tional ruled surface or simply a Hirzebruch surface if every fiber is irreducible 
and the base curve is rational. Minimal rational ruled surfaces are classified 
in the following result. 

Lemma 1.4.2 The following assertions hold true. 

(1) Every minimal rational ruled surface is isomorphic to := Proj(C>pi© 
Of.i{n)), where n > 0. 

(2) There is a section M (called minimal section) on such that (M^) = 
—n. Ifn > 0 then M is unigue. For other sections S, {8“^) > n. Hence 
S ^ M + ai with a > n. 

A smooth projective surface V with a P^-fibration is obtained from a 
Hirzebruch surface by applying several blowing-ups. A singular hber, 
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which is then a reducible hber of the P^-£bration, is described in Lemma 
I1.4.1I Write such a singular fiber as F = Y7i=i where the F* are ir¬ 
reducible components and the a* are their coefficients (hence a* > 0). As 
explained above, any P^-hbration has a cross-section, say S, which comes 
from the (a) minimal section of a Hirzebruch surface and for which we have 
{F ■ S) = 1. So, one of the a, must be equal to 1. Hence any P^-£bration has 
no multiple fibers. 

As a consequence of the above observations, we have the following result 
which describes the singular hbers of an A^-£bration on a smooth affine 
surface. Let F = aiFj denote anew a hber of such A^-£bration. Then 
F is singular if either r > 2, or r = 1 and Oi > 2. If F is singular, we call 
m := gcd(ai ,... ,ar) the multiplicity of F. We have the following result. 

Lemma 1.4.3 Let X be a smooth affine surface with an A^-fibration p : 
X —)■ F, where C = A} or F = P^. Then the following assertions hold. 

(1) Any fiber of p is a disjoint union of the affine lines with suitable mul¬ 
tiplicities. 

(2) If C = A^, then rank Pic (X) = ~ 1)? where rp is the num¬ 

ber of irreducible components of the fiber p~^{P). If C = P^, then 
rank Pic (X) = 1 + Yl,P(^ci^P ~ !)■ 

(3) Suppose that F = A^ and rp = 1 for every P E C. Then Pic (X) = 
Y\p^Qlj/mp'L, where mp is the multiplicity of the fiber p~^{P). 

(4) With the same assumptions as in the assertion (3), X is a Q-homology 
plane. Namely, X is a smooth affine surface with iLj(X;Q) = (0) for 
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every i > 0. 

Proof. (1) Embed X into a smooth projective surface V with a P^-£bration 
p ■. V ^ C. Let D ;= V — X, which we consider as a reduced effective divisor. 
Since X is affine, there is a very ample divisor whose support is equal to D. 
In particular, D is connected (cf. [23]). Since D contains a (unique) cross- 
section, say S', we know that D consists of S and some connected parts of 
the hbers of p which meet S. By Lemma 11.4.11 the hbers of p are trees of 
rational curves. Since X contains no complete curves, it follows that any 
fiber of p with the part in D removed off consists of irreducible components 
which are located at the tips of the tree (the ends of tree branches) and each 
of which is deprived of one point where it meets the part in D. This means 
that any hber of p is a disjoint union of the affine lines. 

(2) Note that rank Pic (S„) = 2 and each blowing-up increases the rank of 

the Picard group by one. Then rank Pic {V) = 2 + ~ ^)’ where 

sp is the number of irreducible components of the hber p~^{P). Since D = 
S + Pp~^{P)) and D r\p~^{P) consists of {sp — rp) components, 

we obtain the asserted result. 

(3) If (P = one point of C, say Poo, is not included in C. Let Poo be 
the hber of p over Poo. Then every hber p~^{P) is linearly equivalent to Poo- 
Hence if mpFp is the component of p~^{P) left in X with multiplicity mp, 
then we have a relation mpFp ~ 0. In fact, there are no other relations on 
the Fp. Hence we have the asserted result. 

(4) We just indicate the key ingredients of the proof without going too much 

to details. First of all, H is a smooth rational surface, whence H^iV, Oy) = 
H^(V,Ov) = (0). Then = (0) because the first Betti number bi 
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equals to 2/i°’^, where = dimiir^(l/, Oy) = 0. From the well-known long 
exact sequence 

- > H\V,Ov)^ H\V, 0*y) ^ H\V- Z) ^ H\V, Oy) ^ , 

it follows that Pic (V) (8) Q = H‘^{V]Q), where Pic (V") = H^{V, Oy)*. Since 
the irreducible components of D are independent in H'^iV ; Q) and Pic (X) ® 
Q = (0), it follows that H'^iV; Q) = H'^{D; Q). Now consider the cohomology 
exact sequence of the pair (V, D) with Q-coefficients 

^ H\V) ^ H\D) ^ H‘^{y,D) 

H\V) H‘^{D) H^{V, D) H^{V), 

whence we obtain H\D;Q) = H‘^{V,D;Q) = H 2 iX;Q) and iPi(X;Q) = 
H%V,D;Q) = (0). Since D is a tree of smooth rational curves, we know 
that H^{D;Q) = (0). Hence H 2 {X;Q) = (0). Since dimX = 2 it is clear 
that Hi{X;Q) = (0) if i > 2. Q.E.D. 


Corollary 1.4.4 Let X be as in Lemma 1.4-3\ Assume that C = and 
that every fiber of p is irreducible. Then the Picard group of X is a torsion 
group. In particular, if there is only one multiple fiber mF, then Pic (X) is 
a cyclic group of order m. 


There are many kinds of affine surfaces satisfying the same conditions as 
in the above corollary. We dehne below just one class of such surfaces which 
include the surfaces — C, where C is a curve XqX' 1~^ = Xf with d > 2 (cf. 
Lemma ri .4.61 below). The remaining part of this subsection will be published 
elsewhere in our forthcoming paper [30] . 







1.4. PLANE-LIKE AFFINE SURFACES 


23 


Definition 1.4.5 A smooth affine surface X is an affine pseudo-plane if X 
satisfies the following conditions: 

(1) X has an A^-hbration p : X ^ A, where A = A^. 

(2) The A^-£bration p has a unique multiple fiber with multiplicity d>2. 
We say that X has type {d, n, r) if X further satisfies the next condition: 

(3) X has a smooth completion (V, D) such that the dual graph of D is as 
given in Figure 1 below, where n > 1 and r >2. Furthermore, F is the 
closure of A in D and S' is the unique cross-section contained in D. 
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Figure 1 


If the curves F = E^+r, • • •, E^+i, E^, E^-i, ..., E2, Ei are contracted 

in this order, the resulting surface is a Hirzebruch surface En with the mini¬ 
mal cross-section S'. 

Choose a point P on the fiber Blow up the point P to obtain a (—1) 
curve E. Then the proper transform L of is a (—1) curve. Contract L to 
obtain the same figure as before with P^ replaced by the image of E and with 
(S"^) is —n + I li P ^ S' C P^ and —n — 1 if P = 5" fl P^. This operation is 
called the elementary transformation with center P. After several elementary 
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transformations, we may and shall assnme nnless otherwise specihed that 
n = —(5"^) = 1. So, we say that an affine psendo-plane has type {d,r) 
instead of type (d, 1, r). 

Lemma 1.4.6 Let X be an affine pseudo-plane of type {d,r). Then X is 
isomorphic to the complement of Mq O Cd if r < d and Mi O Cd if r > d 
in the Hirzebruch surface with n = |r — d|, where Mq is the minimal 
section and where Cd and Mi are specified as follows. In the case r < d, Cd 
is an irreducible member of the linear system \Mq + dio\ which meets Mq in 
the point Mq Pi Iq with multiplicity r. In the case r > d, Mi is a section of 
En with (Mi^) = n, and Cd is an irreducible member of the linear system 
I Ml + diol which meets Mi in the point Mi n Iq with multiplicity r. In both 
cases, IqOX = F O X for the fiber Iq of 

Proof. Contract S', Pq, E 2 , ..., Ed, Ed+i, ..., Ed+r-i in this order. Then the 
resnlting snrface is the Hirzebrnch snrface with n = |r — d| and the image 
of provides Cd- The image of Ei provides Mq or Mi according as r — d < 0 
or r — d > 0, while the image of F is the hber Iq. Q.E.D. 

Lemma [1.4.61 gives a constrnction of affine psendo-planes from the Hirze¬ 
brnch snrfaces. Whenever we are conscions of this construction from the 
Hirzebruch surfaces, we denote the affine pseudo-plane X in Lemma ri.4.6l bv 
X{d,r). 

Lemma 1.4.7 Let X be an affine pseudo-plane. Then X is isomorphic to 

— C, where C is a curve on defined by XqXi~^ = Xf with d > 2, if 

and only if X has type (d, d — 1). 
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Proof. It is straightforward to see that — C* is an affine psendo-plane of 
type (d, d — 1). Conversely, if X is an affine psendo-plane of type (d, d — 1), 
then contract in the Figure 1 of Dehnition ll.4.5l the curves S', Lq, E 2 ,..., Ed, 
Ed+i,..., E 2 d- 2 , El in this order to obtain the plane curve = X 2 

which is the image of £'^. Q.E.D. 

Let X be a smooth (complex) affine surface. A smooth projective surface 
1/ is a normal compactification of X if P \ X consists of smooth irreducible 
curves such that they meet each other transversally and that there are no 
three or more curves meeting in one point. Further, it is a minimal normal 
compactihcation if the contraction of any possible (—1) curve in I/\X breaks 
the above normality condition. We consider P \ X the boundary divisor and 
denote it simply hy D ■.= ¥ — X. So, D is a reduced effective divisor. 

Suppose that the divisor D is a tree of rational curves. Extracting the 
definition from |3H] and m, we shall define a group associated to a weighted 
graph. Let F be a weighted connected tree which consists of vertices with 
weights and edges, each of edges connecting exactly two vertices. The group 
7ri(F) associated to F is generated by as many generators as the vertices 
of F which are subject to the following relations. First, order the vertices 
in some fixed manner as vi,V 2 ,.... For each vertex v with weight d, let 
Vi^,Vi.^,... ,Vi^ be all the vertices connected to v such that R < R, ■ ■ ■ < R 
(then V occurs among these vertices, say v = ViR. For any vertex v, we con¬ 
sider a relation Vi^ - ■ ■ - ■ ■ Vi^ = e. Next, if v, w are any two vertices 

which are connected by an edge, then we impose the relation v ■ w = w ■ v 
(i.e., the generators corresponding to v,w commute). The quotient of the 
free group generated by the vertices of F modulo these relations is the fun- 
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damental group at infinity 7ri_oo(-^)- It is known that 7ri^oo(-^) is independent 
of the choice of a minimal normal compactihcation. This group modulo the 
commutator subgroup is the first homology group at infinity Hi^oo{N). 

By dehnition, a Q-homology plane y is a smooth affine surface such that 
Hi{Y]Q) = (0) for i > 0. It is well-known that the divisor at inhnity of a 
Q-homology plane y in a normal compactihcation is a (connected) tree of 
rational curves (see [36]). Hence we can use Mumford-Ramanujam’s presen¬ 
tation of 7ri^oo(y)- An appendix of a weighted graph T is a pair of vertices 
{M,n} such that m is a vertex of T with weight 0 which is connected only to 
the vertex v and n is a vertex linked to u and at most one other vertex of 
r. Removing an appendix {m, n} from T is an operation of removing vertices 
M, n, the edge connecting u, v and the edge which connects f to a third vertex, 
if it exists. 

Lemma 1.4.8 Let T be a weighted connected tree. Then the following as¬ 
sertions hold. 

(1) Let {u, n} be an appendix ofV such that the weight ofv is d and let T' be 
obtained from T by removing the appendix {m, v} . Then tti (T) = tti (T') . 

(2) Suppose that T is a linear chain. Then 7ri(r) is a cyclic group. If further 
the determinant of the intersection form on the free abelian group on 
the vertices of T is non-zero (in particular, if this form is negative 
definite) then this group is finite cyclic. In the remaining case, 7ri(r) 
is an infinite cyclic group. 

Proof. (1) Let {u,v} be an appendix of T with the weight of v being d. If 
r consists only of vertices u, v and an edge connecting them, it is easy to see 
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that vri(r) = e. Otherwise, let w be a third vertex connected to v. Let the 
ordering on the vertices of T be u, v,w,.... Since u^v = e and uv^w = e, we 
have V = e and u = w~^. Hence it follows that vri(r) = 7ri(r'). 

(2) Let the ordering on L be • • •• From Mnmford-Ramannjam’s presen¬ 

tation we see easily that the generator corresponding to vi generates 7ri(r). 
If the intersection form is negative dehnite, then the order of this group is 
the absolute value of the determinant of the intersection form, hence finite. 
Suppose that the form has at least one positive eigenvalue. It is proved in 
Lemma 5], that there is a connected linear weighted tree Fi with the 
following properties: 

(a) Fi has a connected subtree T with vertices Wi,W 2 , ■ ■ ■ ,tC 2 n such that 
weights of Wi,W 2 ,, W 2 n are all 0. 

(b) The subgraph of Fi obtained by removing T, say Fi — T, is connected 
(it may be empty) and either consists of a single vertex of weight 0 or 
has negative dehnite intersection form. 

(c) 7ri(F)-7ri(Fi)-7ri(Fi-T). 

Now if Fi = T then by the argument in part (1) we see that vri(F) = (e). 
If Fi — T is non-empty, then we see by Mumford-Ramanujam’s presentation 
above that 7ri(Fi — T) is a cyclic group. It is hnite if the intersection form 
on Fi — T is negative dehnite. Q.E.D. 

Lemma 1.4.9 Let X be an ajfine pseudo-plane of type {d,r). Themii^ooiX) 
is a group generated by x, y with relations x'' = y^ = [xyY. // r = 1 then 
is a finite cyclic group of order d"^. 
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Proof. Let {I < i < d + r — 1), Pq, s', be the generators corresponding 
to Ei {1 < i < d + r — respectively. Let x = ed+r-i,y = Pq 

and z = ei- Then we have e* = ioi d < i < d + r — 1, s' = 1, P^ = 

y~^, Ci = y' for 2 < i < d, and = z'^. Furthermore, x'’ = y'^ = z'^ and 
zy^-^x'''~^ = z^'^. Thence we obtain = xy. So, 7ri,oo(-^) has generators and 
relations as described in the statement. If r = 1 then it is easy to see that 
7ri,oo(-^) is an abelian group generated by y. So, 7ri,oo(-^) = Hi^ao{,X). A 
direct computation shows that Hi^oo{,X) is a hnite group for r general, and 
isomorphic to 'L/d^T, provided r = 1. Q.E.D. 

Our next result is the following: 

Theorem 1.4.10 Let X he an affine pseudo-plane of type {d,r) with r >2. 
Then p is a unique A^-fibration on X. 

Proof. Suppose that there exists another A^-£bration a : X ^ B which 
is different from the fixed A^-fibration p : X ^ A. Then B = because 
Pic (X)q = (0) and every fiber of a is isomorphic to A^ if taken with the 
reduced structure. Let M be a linear pencil on V spanned by the closures 
of general fibers of a, where the notations V, D, etc. are the same as in 
Definition 1.4.5. Then a general member of M meets the curve P^, for 
otherwise the A^-fibrations p and a coincide with each other. Suppose that 
M has no base points. Then the curve P^ is a cross-section of M and S' + 
Pq-\-Ei-\-- ■ X Ed+r-i supports a reducible fiber of M. Then r = d = 1. Since 
d > 2 by the hypothesis, this case does not take place. Hence M has a base 
point, say P, on P^. Let Q := P^D S'. We consider two cases separately. 

Case P Q. Then P^ + S' + Pq + Ei + E 2 + ■ ■ ■ + Ed+r-i will support a 
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reducible member Go of the pencil M. Let s = {F ■ G), where G is a general 
member of M. By comparing the intersection numbers of G with two fibers 
of p, and the one containing dF, it follows that • G) = ds. Let p 
be the multiplicity of G at P, where P is a one-place point of G. We have 
ds > p. Consider hrst the case n = 1. The contraction of S", E 2 ,..., Pd-i 
makes Ed a (—1) curve meeting three components Ei, Ed+i, and this is 
impossible. So, suppose n > 2. We need an argument for this case too, 
which we make use of in the case P = Q. The elimination of the base points 
of M will be achieved by blowing up the point P and its inhnitely near 
points. After the elimination of the base points of M, the proper transform 
M gives rise to a P^-£bration, and the proper transform of is a unique 
(—1) component. If ps > p then the point P and its infinitely near point of 
the first order lying on are blown up. Hence the proper transform of P^ is 
not a (—1) curve. This implies that ds = p. Let E be the exceptional curve 
arising from the blowing-up of P and let M' be the proper transform of M. 
Then E is contained in the member Gg of M' corresponding to Gg of M. 
In fact, we have otherwise ds = 1, which is impossible because d > 2. Now 
contract P^ and take the image of E instead of P^. Then we have the same 
dnal graph as Figure 1 with (S"^) = —(n — 1). By repeating this argument, 
we reach to a contradiction. 

Case P = Q. As above, let Gg be a reducible member of M containing 
S'+Pq + Ei + E 2 + - ■ ■ + Ed+r-i- If Poo is not contained in Go, the elimination of 
the base points of M, which is achieved by blowing np the point P = Q and its 
inhnitely near points, yields a P^-£bration in which the fiber corresponding to 
Gg is a reducible fiber not containing any (—1) curve. This is a contradiction. 
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Hence is contained in Gq. So, Gq is supported hj S' +1^ + Ei + E 2 -\ — ■ + 
Ed+r-i R^'oo- Now apply the elementary transformation with center P. Then 
we obtain the same dual graph as Figure 1, where (S"^) = —(n +1) and is 
replaced by the image of E. After repeating the elementary transformations 
several times, we are reduced to the case where P ^ Q. So, we reach to a 
contradiction in the present case as well. Q.E.D. 

On the other hand, an affine pseudo-plane of type (d, 1) has two alge¬ 
braically independent Ga-actions. It follows from a more general result in 
|20] when we note that the boundary divisor D is then a linear chain for the 
normal compactihcation in Dehnition 1 1.4.5 1 and that 7ri^oo(-A) is a hnite cyclic 
group by Lemma [1.4.9I . 

Theorem 1.4.11 Let X be a smooth affine surface. Then ML (X) is trivial 
if and only if X has a minimal normal compactification V such that the dual 
graph of D := V — X is a linear chain of rational curves and is a 

finite group. 

One of the possible applications of Theorem 11.4.101 is about determining 
the automorphism groups of affine pseudo-planes of type (d, n, r) with r > 2. 

Theorem 1.4.12 Let X be an affine pseudo-plane of type {d,r) with r >2. 
Let a be an automorphism of X. Then the following assertions hold true. 

(1) a preserves the A^-fibration p : X ^ A. Namely, there exists an 
automorphism (3 of A such that p ■ a = (3 ■ p, where (3 fixes the point Pq 
of A with p*{P) the multiple fiber dF^ of p. 
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(2) By assigning (3 to a, we have a group homomorphism vr : Aut (X) —)■ 
Aut (A — {Po}) — Gm, which is surjective if {d, r) = (rf, c? — 1). 

(3) Let G he the kernel of tt. Then G contains the additive group Ga as a 
subgroup whose action gives rise to the hf -fihration p. Furthermore, G 
does not contain a torus as a subgroup. 

Proof. The assertion (1) and the hrst part of the assertion (3) follow readily 
from Theorem I1.4.101 The assertion (2) follows from Lemma 11.4.131 below. 
The second part of the assertion (3) follows from Lemma [1.4.141 below. 

Lemma 1.4.13 Let G be a rational curve on defined by XQXf~^ = Xf 
with d > 2 and let X = P^ — C. Let x = Xq/Xi, j/ = X 2 /X 1 and f = x — y*^. 
Then the following assertions hold true. 

(1) Let A he a linear pencil on P^ generated by the curves G and dii, where 
l\ is defined by Xi = 0. Then A defines an AT-fibration p : X ^ A, 
where A = A^. This is a unigue A^-fibration on X. Hence there is 
a canonical projection tt : Aut (X) —)■ Aut (A^ — {0}) = Gm, where 0 
corresponds to the point of A over which lies the unigue multiple fiber 

d{Gnx). 

(2) Define a Gm-action r : Gm x X ^ X on X by (Xo,Xi,X 2 ) e-)■ 
(A'^Xq, Xi, AX 2 ), where X E k. Then r defines a torus subgroup T of 
Aut (X) such that ttt '.T ^ Aut (X — {0}) is the d-th power mapping. 

(3) Let 6 be a locally nilpotent derivation on V{X,Ox) such that 6(x) = 

dy^~^ f~^ and 5{y) = f~^. Then 5 defines a Ga-action a : x X —)■ X 

associated with p. Furthermore, rjj^Srx = for \ E k*. 
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(4) Let G be the kernel of n. Then G consists of automorphisms a such 
that 


(^{y) — cy + f ™'(ao/’’ + aif^ ^ + ■ • • + a^) 
a{x) = x-y'^ + Oi{yf, 

where 0 “^ = 1, a* G /c (0 < i < r) with a^Or ^ 0 and m > r > 0. Hence 
Aut (X) is not an algebraic group. 

Proof. Let Y = — (C + £i). Then Y is an affine surface with r(F, Oy) = 

C[x,y, f~^], where f = x — y'^. Furthermore, Y has an A^-hbration {/ = 
A I A G C*} which extends to a unique A^-fibration p : X ^ A. In fact, the 
A^-fibration on Y is obtained by removing a unique multiple fiber dii from 
P- 

Let a be an automorphism of X. Since p is unique, the fibers of p are 
transformed by a to the fibers of p. Since the multiple fiber dC is unique, a 
induces an automorphism a a which fixes the point p{ii). Thence follows the 
assertion (1). It is clear that ta(/) = X^f. Since A — {0} = Spec k[f,f~^], 
the assertion (2) follows from this remark. 

We shall show the assertion (3). It is clear that <5 is a locally nilpotent 
derivation of k[x,y,f~^ = TCF, Oy) because S{f) = 0. The automorphism 
a\ is given by o'x{y) = y + f~^X and cxi^x) = x — y'^ + ax{yY, where \ E k. 
Hence the assertion (4) shows that ax is an automorphism of X. 

We shall show the assertion (4). Let a be an automorphism in G. Let 
t = Xi/X 2 and u = X 0 /X 2 . Since a induces the identity on A, it acts along 
the fibers of p. Since Y = X — dii = Spec k[y,f,f~^] and «(/) = /, a is 
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written as 


«(l/) = cry + naor + air-^ + --- + ar) 

a{x) = X - + a{yy, 

where c E k*,ai E k {0 < i < r) with aottr 7 ^ 0 and n,s,r E Z with 
r > 0. Conversely, given such an automorphism a of Y as written above, 
we shall consider when a extends to an automorphism of X. Note that 
C O ii = (1,0,0) and £1 fl X is contained in the open set — £ 2 , where 
£2 = {X 2 = 0}. Let Z = P^ — (C U £ 2 ) be an open set of X containing 
£i nX. Since t = lly,u = x/y and / = {uU~^ — it follows that Uf is 

a nowhere vanishing function on Z — £ 1 . We write 

a{y) = (a* + + ■ ■ ■ + alf^) , 

where c*, a* (0 < i < r) are nowhere vanishing functions on Z. Since a{t) is 
divisible by t and not divisible by U along the curve £iC Z and since d > 2, 
it follows that n = 0 and s + r < 0. Hence c* = c. Then we can write 

x-y'^ + a{yY 

a{u) = -- 

a{y) 

M + (C‘^ - + dc^-^g*t-A^+U-U-2) + . . . + gd.^-dHs+r)+l 

~ c + ’ 

where g* = (og + +-h a*U^). Since l — d{s + r) > 1 in the denomina¬ 

tor, the numerator of a{u) must be regular along the curve £i n Z. Namely, 
we have = 1 and s -|- r < 0. Set s = —m. Then we obtain a formula for a 
as stated in the assertion (4). Q.E.D. 
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Lemma 1.4.14 Let X be a smooth affine surface with an A^-fibration p : 
X ^ B. Suppose that p has a multiple fiber mA. Then there are no non¬ 
trivial torus actions a which stabilize the fibers of the A^-fibration p in the 
sense that p ■ a = p. 

Proof. Suppose that a : Gm x X —)■ X be a non-trivial action which 
stabilizes the hbers of the A^-£bration p. Then there exists an equivariant 
smooth compactihcation P of X such that the boundary divisor D ■= V — X 
has smooth normal crossings (cf. [l9]) and that the hbration p extends to 
a P^-£bration p ■. V ^ B. We denote by a the extended torus action on 
V which stabilizes the hbers of the hbration p. Since each hber and its 
irreducible components of p are stable under a, we may and shall assume 
that the multiple hber mA is irreducible, i.e., A is isomorphic to A^. Let F 
be the hber p~^{p{A)) and let A be the closure of A. Since a induces a trivial 
action on B, it follows that each irreducible component of F is cr-stable and 
the induced torus action on each component is non-trivial. In fact, if a is 
trivial along an irreducible component, say G, of F. Then a is trivial on an 
open neighborhood of G, hence on V itself. This implies that we can contract 
the components of A to a smooth hber by repeating the equivariant blowing- 
downs. Conversely, in order to obtain the hber F from a smooth hber, we 
always blow up the hxed points which must be either the hxed points of the 
starting smooth hber or the intersection points of adjacent components. But, 
since A = A^ and mA is a multiple hber, we must blow up a non-hxed point 
to obtain the component A. This is a contradiction. Q.E.D. 

Let p : V —)■ C be a P^-hbration from a smooth projective surface V 
onto a smooth projective curve C, and let G be a singular hber of p. An 
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irreducible component i? of G is called a branching component if B meets 
three other components of G. For example, in Figure 1 of Definition 1.4.5, 
the component Ed is a branching component. In connection with Theorem 
11.4.121 we have the following result. 


Theorem 1.4.15 Let X be an affine pseudo-plane of type {d,n,r) withn > 0 
and r > 3, where we may assume n = 1. Let V be a smooth normal eompacti- 
fication as described in Definition \1.4.5\ Choose a point Ri on Ed+i different 
from EdOEd+i and Ed+ir\Ed +2 and blow up Ri to obtain the exceptional curve 
Gd+ 2 - Choose a point R 2 which is different from the point Gd +2 Fl Ed+i and 
blow it up to obtain the exceptional curve Gd+ 3 - Repeat this kind of blowing- 
ups (s — 1) times to obtain a linear chain Gd+ 2 -i Grf+ 3 ,..., Grf+s_i, G = Gd+s- 
Call the resulting surface W. LetY = W — S'-{-£^4-Ei-\--■ Ed+r-i + 
Gd +2 + • • • + Gd+s-i- Then Aut (Y) has no torus group as a subgroup. 


Proof. Crucial in the above construction is that the adjacent two compo¬ 
nents Ed and Ed+i are branching components. By the same arguments in 
the proof of Theorem 11.4.101 we can show that the A^-fibration py '-Y ^ A 
inherited from the A^-£bration p : X —)■ A is a unique A^-£bration on Y. 
Hence if there is a torus action a : Gm x T —)■ F, we can extend it to a torus 
action on the surface W which stabilizes each component of the boundary 
divisor W — Y. It is then clear that every branching component is pointwise 
hxed. Now consider the point EdCEd+i- Since two curves Ed and Ed+i with 
distinct tangential directions are pointwise fixed, the action is trivial in an 
open neighborhood of the point Ed fl Ed+i. Hence a is trivial. This implies 
that, with the notations of Theorem 11.4.121 tt : Aut (F) —)■ Aut {A — {0}) is 
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trivial, i.e., Aut (Y) = G. Meanwhile, G does not contain any torus group 
by Lemma ri.4.141 Q.E.D. 

We can strengthen Theorem 11.4.101 to the following effect. 

Lemma 1.4.16 Let X be a smooth affine surface with an A^-fibration p : 
X —)■ A, where A is isomorphic to PA. Let {miFi, ...,exhaust all 
multiple fibers of p, where the multiplicity m is gcd(/ii,... , pr) for a fiber 
F = TiCi which is a disjoint sum of the irreducible components Q = Ah 
Suppose that n >2. Then there are no non-constant morphisms from to X 
whose image is transverse to the given A^-fibration p. In particular, there are 
no A^-fibrations whose general fibers are transverse to the given A^-fibration 
P- 

Proof. Let (p : i? —)• X be a non-constant morphism whose image is trans¬ 
verse to the given A^-£bration p, where B = A^. Let P be a smooth com- 
pactihcation of X such that D := V — X is a divisor with simple normal 
crossings and p extends to a P^-£bration p : V ^ A, where A = P^. Then D 
contains a cross-section S' of p and the other components of D are contained 
in the fibers of p. We may assume that the hber F^o '■ = p~^{Poo) is a smooth 
hber, where {Poo} = A — A. Let B be the closure of the image (p{B) in V. 
Then B meets the hber Poo, for otherwise (p(P) is contained in a hber of p. 
Since B = A^, the composite of the morphisms := p- : P —)■ A is surjec¬ 
tive. Choose coordinates x,y of P, A, respectively. Then y = f{x), where y 
is identihed with {psYfy) and /(x) is a polynomial in x. Let p(Pi) be defined 
by p = Oj for i = 1,2. Then y — ai = (/i(x))™' for some non-constant polyno¬ 
mial fi{x). Then we have a polynomial relation /i(x)™'^ — / 2 (x)™'^ = 02 — ai. 
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Let m = gcd(mi,m 2 ). We consider the cases m > 1 and m = 1 separately. 

Suppose that m > 1. Set = mrii for i = 1,2. Then gi{x)^ — g 2 {x)^ = 
a 2 — ai 0, where gi{x) = fi{x)^\ Then we have 

g,ixr-g2ixr 

= {9i{x) - g 2 {x)) {gi{x) - Cg 2 {x)) ■ ■ ■ {gi{x) - C"'~^g 2 {x)) = oa - ai, 

where C is a primitive m-th root of unity. Since this is a polynomial identity, 
it follows that gi{x) — C~^ 92 {x) = Ci ^ 0 lor 1 < i < m — 1. Since m > 2, 
gi{x) and g 2 {x) are constants. This is a contradiction. 

Suppose that m = 1. We may assume that mi < m 2 . Let C be an affine 
curve in A? dehned by = 1 and let C* be a projective plane curve 

dehned by Then the relation fi{x)"^^ — f 2 {x)^^ = 

02 — Oi implies that there is a non-constant morphism ip : ^ C. We 

shall show that the curve C is irrational. The affine curve C is smooth, 
and the curve C has a singular point Q dehned by (X,Y,Z) = (1,0,0). 
The singularity type at Q is a cuspidal singularity of type = 0, 

where £i = m 2 — mi and n = m 2 . By the Euclidean algorithm, dehne 
positive integers l 2 , ■ ■ ■ ,Is and Oi,..., by n = aiC -f £2 (0 < £2 < ^\)A\ = 

0-2^2 + (0 < f's < ^* 2 ), • • • , ^s-2 = 0's-l(-s-l Y (-s (I = (-s < (-s-l)-, C-1 = O^sC- 

Then the multiplicity sequence at Q is {f'lS ^ 2 ^,..., }) where C signihes 

that the singular points of multiplicity I appear a-times consecutively along 
the successive blowing-ups. Computing the genus drop by those singularities, 
we hud that the geometric genus of C is equal to 

\{n-l){n-Ii - 1). 

Since n > 1 and since n = Ii + l implies mi = 1, we know that g > D and C 
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is irrational. Then the existence of the non-constant morphism ip : ^ C 

is a contradiction. Hence there are no A^-fibrations whose general fibers are 
transverse to p. Q.E.D. 

The following result is noteworthy in view of Theorem 11.4.101 and Lemma 

\rrm 

Lemma 1.4.17 Let X be an affine pseudo-plane with an PP-fibration p : 
X —)■ A. Then there exists a non-constant morphism 93 : —)■ X whose 

image is transversal to the A^-fibration p. 

Proof. We consider a smooth compactification V as specified in Definition 
11.4.51 Let p : V —>■ A he the P^-fibration which extends the A^-£bration p, 
where A = P^. Let Poo = A — A and let Pq = p{dF), where dF is the unique 
multiple fiber of p. Let r : A —)■ A be a d-ple cyclic covering ramifying over 
the points Pq and Poo- Let Pq be the unique point of A lying over Pq. Let 
X be the normalization of the fiber product X A. Then X has an A^- 
fibration p : X —)■ A which has a unique reduced reducible fiber with all other 
fibers reduced and irreducible. Namely, the fiber p“^(Po) consists of d copies 
of the afhne line, each of which is counted with multiplicity one. If one deletes 
all components but one from p“^(Po), the surface X with (d — 1) copies of 
the affine line removed is isomorphic to the affine plane. In particular, X is 
simply connected. Let Y be the affine plane obtained in this fashion. The 
remaining one component £ of p“^(Po) is considered to be a coordinate line 
in Y (cf. Theorem ll.3.ip . Let B be another coordinate line in Y which meets 
£ transversally in one point. Let p : P —X be the restriction onto B of the 
covering morphism X —)■ X. Then p is a non-constant morphism. Q.E.D. 
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Some partial cases of affine pseudo-planes were observed in tom Dieck [10] 
as examples of affine surfaces without cancellation property. In order to state 
tom Dieck’s result, we shall recall and generalize a little bit his construction. 
Write = Proj (C>pi(—n) © Opi) as the quotient of (A^ \ 0) x under the 
relation 

(xo, Zi), [wo, UZi), [iz'^Wq, Wi] 


for z/ G Gm = k*. The projection {{zo,Zi), [tCo,Wi]} t [zo,Zi] induces a P^ 
hbration —)■ P^. In the above dehnition by quotient and in what 

follows, the integer n could be negative. If n > 0, the curve tco = 0 (resp. 
Wi = 0) is a section Mi of with (Mi^) = n (resp. the minimal section 
Mq with (Mq^) = —n). Meanwhile, if n < 0, then the curve Wq = 0 (resp. 
Wi = 0) is the minimal section Mq (resp. a section Mi with {M^) = |n|) 
of S|„|. Let d > 2 and r = d + n > 1. With the notations of Lemma [1.4.61 
we assume that the hber Iq is dehned by Zq = 0. Let w = Wq/wi. Then 
{xo/xi,w/x”} is a system of local coordinates at the point Mi (1 Iq (resp. 
Mo n £o) if > 0 (resp. n < 0). Let A be a linear subsystem of \Mi + df'ol 
if n > 0 (resp. |Mo + df'ol if n < 0) consisting of members which meet the 
curve Ml (resp. Mq) at the point Mi n Iq (resp. Mq n Iq) with multiplicity 
r if n > 0 (resp. n < 0). Then any member of A is dehned by an equation 

I / \ / \ d—l / \ d') / \ r 


CLq + 0,1 








or equivalently by 


Wq [ttQZi + aiZoZi ^ + • • • + ttd-lZQ ^Zi + Orf^o) + O.d+lZQWi — 0 (1) 

for (oq, Oi,..., Orf+i) G P'^+^. In fact, it is readily computed that dim A = 
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d + 1. So, the curve Cd in Lemma [1.4.61 is defined by such an equation. We 
shall verify the following result. 


Lemma 1.4.18 Let X = X{d,r) be an affine pseudo-plane withn = r — d> 
0. Let a : Gm x X —)■ X be a non-trivial action of the algebraic torus Gm- 
Write X = S \ Mi U Gd as in Lemma [1.4.6[ Then the following assertions 
hold true. 


(1) The action a induces an action a : Gm x —)■ such that C 

Mi for i = 0,1, '^^^^Gd C Gd and ~ I for X e k*, where i is a fiber 

ofE^. 

(2) The curve Gd is defined by an eguation 

zfwo + OZqWi = 0 . 


Proof. (1) Let p : X —)■ ^4 = be the unique A^-fibration (cf. Theorem 
11.4.1011 . Then the fibers of p are permuted by the action a. Hence a extends 
to the cross-section S' and sends S' into itself. Let W be a Gm-equivariant 
smooth normal compactification of X whose existence is guaranteed by [45] . 
We may assume that IT \ X contains the cross-section S'. Let Fq and be 
two fibers of the P^-fibration p : IT —)■ whose supports partly or totally 
lie outside of X, where Fq contains the multiple fiber of p. We may assume 
that all (—1) components of Fq and TA are fixed componentwise under the 
action a. Then we may assume that F^o is irreducible and Fq minus the 
component F contains no (—1) components, where F n X gives rise to the 
multiple fiber of p. Then we may assume that IT \ X has the dual graph 
as in Definition 11.4.51 So, the action a induces a Gm-action on such 
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that C (Cd) C Cd and ^ because Mi,Cd,io are 

the images on of the components Ei,i'^,F, respectively. The minimal 
section Mq is stable under the a action because the minimal section is unique 
on 

( 2 ) The Gm-action a on S„ is given as follows in terms of the coordinates, 
h • ((^0, ^i), [tao, tai]) = [/i^wo, L^wi]) 

for fi E k*. Since Cd is stable under the a-action, the dehning equation 
(1) must be semi-invariant. Note that aoad+i 7 ^ 0 because Cd is irreducible. 
Hence we obtain ar + 6 = /3d j. Suppose that (ai, ..., ad) 7 ^ (0,..., 0). 
Then we have an additional relation ai + /3{d — i) -\- 'j = /3d for some 
1 < i < d. The last relation implies a = /3. So, the first relation gives 
7 = an -f 6. Then we have 

■ {{zo,zi),[wo, Wi]) = ((//“zo, fi^Zi), [fPwo, 

= ((//“zo, la^zi), L^wi]) 

~ {{zo,Zi),[ja^Wo,ia^Wi]) 

= ((2;o,2;i), [wo,wi]) • 

Hence the a-action is trivial. This proves the second assertion. Q.E.D. 

After tom Dieck [10] , we denote by V (d, r) the affine pseudo-plane X (d, r) 
obtained by using a curve defined by an equation 

z^Wo + ZqWi = 0 ( 2 ) 

where r — d could be negative. Then V (d, r) has a Gm-action defined by 

/i ■ {{zo, zi), [wo, wi]) = {{lazo, zi), [wq, (3) 
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for /X G k*. One can show that any Gm-action on V{d,r) is reduced to the 
one dehned by (3) for 


L-{{zo,Zi),[wo,Wi]) = 


rsj 


((/i“zo, [h'^wo, L^wi]) 

((/i""^Zo, zi), -u^i]) 


In tom Dieck [10], the following result is shown, where A^(c) stands for 
the with a Gm-action of weight c and V{d, r) for the universal covering of 
V{d,r). 


Theorem 1.4.19 With the above notations, there are Gm-equivariant iso¬ 
morphisms 

V{d,r) X A^(—s) = V{d,s) x A^(—r) 

and 

V{d,r) X A^(— s) = V{d,s) x A^(— r) 

for arbitrary positive integers d,r and s. 

This result inspires us a very interesting question. 

Question. Let X{d,r) be an affine pseudo-plane with d > 2 and r > 1. 
Does this surface have cancellation property? 

Towards answering this question, we hrst consider the universal covering 
X{d,r) of an affine pseudo-plane X{d,r). 
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Lemma 1.4.20 The following assertions hold true. 

(1) The universal covering X{d,r) is isomorphic to an affine hypersurface 
in = Spec /c[a;, y, z] defined by an eguation 

x"z + {y'^ + aixy'^~^ H-h ad-ix'^~^y + adx"^) = 1. (4) 

(2) The projection (x,y,z) i—)■ x induces an hU-fibration p : X{d,r) ^ 
such that every fiber except for p“^(0) is smooth and the fiber p“^(0) 
consists of d copies of hf which are reduced. 

(3) There is a Ga-action on X{d,r) defined by 
c-{x,y,z) 

= {x,y + ex'", z — x~''{{{y + cx'^Y + aix{y + cx^Y~^ +-h 

-(/ + H-h ad-ix'^~^y + a^a;'^)}), 

where c E Ga = k. 

(4) Let u be a d-th root of unity. Then there exist uniguely determined 
polynomials p^{x),q^{x) G k[x] satisfying the following conditions. 

(i) degpa;(a:) < r - 1 . 

(ii) pa;(0) = u. 

(iii) x'^q^iix) + Pu^ixY + aixpaj{xY~^ H-h ad-ix'^~^Paj{x) + a^a;'^ = 1. 

(iv) P\u){.^x) = \pi^{x), q\oj{Xx) = X~^qx{x) for any d-th root A of unity. 

By making use of these polynomials, we define the morphism 

ipuj : X Ga ^ x{d,r), {x,c) H- c- {x,puj{x),qYx)) 
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which is an open immersion onto an open set which is the comple¬ 
ment of Y[y:^t^Ga ■ ( 0 , 7 , 0 ). The inverse morphism is defined by 


{x,y,z) ^ { 




( 0 , 


y-Puj{x). 


x'^ 




if X ^ 0 


if X = 0 


(5) X{d,r) is obtained by gluing together the d-copies of the affine plane 

by the transition functions 

gxco := : AlxA^ ^ x A\ (x, c) i-^ 

Ob 

(6) The Galois group is a cyclic group H{d) := Z/dZ of order d and acts 
as 

A ■ (p^{x, c) = (pxU^x, 


Proof. (1) The surface X{d,r) is the complement in of the curves 
Cd dehned by the equation ( 1 ) above and the curve tco = 0 which is Mi if 
r — d > 0 (resp. Mq if r — d < 0), where n = |r — d|. Since wo 7 ^ 0, we can 
normalize to tco = 1- We can then normalize 

Wq (uq^i + HZozf ^ + • ■ ■ + Od-lZQ ^Zi + + Qd+lZ^Wi 7 ^ 0 

to the relation 


ZqWi + {aozf + aiZQzf ^ H-h aa-iz^ hi + = 1, 

where uq 7 ^ 0. This normalization comes from the defining equivalence rela¬ 
tion 

(zo, Zi), [wo, Wi] ~ (z/xo, irzi), [hwo, Wi]. 
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We may assume that oq = 1. Now let H{d) = 'L/d'L be the cyclic group of 
order d. Then H{d) is the Galois group of the covering X{d,r) —)■ X{d,r) 
acting as 

A • {x,y,z) H- (Ax, Ay, A“"^) 

for A G H{d). In terms of (fCs, it is written as in the assertion (6). 

(3) Let 5 be a derivation on the coordinate ring dehned by 6{x) = 0, 6{y) = x^ 

and 6{z) = —{dy‘^~^ + {d — + • • ■ + ad-ix'^~^). Then 6 is locally 

nilpotent. Hence it dehnes a G^-action on X{d,r) by Lemma [1.2.11 which is 
as specihed as in the assertion. 

(4) Write Pu]{x) = a; + ci(a;)x + • • • + Cr-i{oj)x^~^, where the coefficients are 
to be determined by the relation 

x"quj{x) + p^{xY + aixp^{xY~^ H-h ad-ix'^~^p^{x) + aax"^ = 1 (5) 

which is obtained from the equation (4) above by substituting Puj{x), qui{x) for 
y, 2 ;. By the condition (i), it is easy to see that Puj{x) is uniquely determined. 
Namely the coefficients Ci{u ),..., Cj,_i(a;) are uniquely determined by putting 
the coefficients of the terms x* (1 < i < r — 1) to be zero in the left-hand 
side of the equation (5) above. Then q^iix) is uniquely determined as well. 
By multiplying A'^ = 1 to the relation (5), we obtain 

(Ax)’'A-'’g^(A-'(Ax)) 

+(Apa;(A“^(Ax)))"* ai(Ax)(Ap^(A“^(Ax)))‘^“^ H-h a^iXxY = 1. 

Replace Ax by x in the above relation. Then the uniqueness of the polynomi¬ 
als pxoj{x), q\Lo{x) imply that p\uj{x) = Xp^{\~^x) and qx^{x) = A“'’g^(A"^x). 
Now replace x by Ax. Then we obtain the relation (iv). Note that —>■ 
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Uui is injective and = A^. Hence is an isomorphism by [5]. The other 
assertions are verihed in a straightforward manner. Q.E.D. 

Example 1.4.21 The following are easy cases to compute. 

(1) If r = 3,d = 2, then Pu}{x) = u — and q^ji^x) = 

— {2Ci{uj)c2{u}) + aiC2{u}) + C2(cj)‘^x}. 

(2) If r = A,d = 2, then Pui{x) = uj — ^x + K = 0 and 

quo{x) = -C2 {u:Yx. 

Concerning the isomorphism classes of the hypersurfaces X{d, r), we have 
the following result. 

Lemma 1.4.22 Let Xi{d,r) and X 2 {d,r) be the hypersurfaces defined by the 
equations x^z + y'^ + a 2 x‘^y'^~^ + • • • + = 1 and x^z + y'^ + b 2 x‘^y'^~^ + 

■ ■ ■ + bdX^ = 1, respectively. Let f : Xi{d,r) —)■ X 2 {d,r) be an isomorphism. 
Suppose r > d. Then the induced homomorphism of the coordinate rings 
ip := f* : k[x,y,z] k[x,y,z] is given as (p{x) = cx,ip{y) = uy + x^G{x) 
and 

ip{z) = c~^z — {cx)~'^ [(^{uy + x^G{x)Y + b 2 C^x‘^{uy + x'^G{x)Y~‘^+ 

H-h bdP^x'^) - {y'^ + 02X^2/'^“^ H-h a^x'^) } , 

where c,u G k* with = 1 and G{x) G k[x] which satisfy the condition 
Oi = Pu^~%. 

Proof. Note that / preserves the unique A^-£brations of Xi{d,r) and 
X 2 {d,r) as well as the reduced fibers . Hence (p{x) = cx with c G k*. Then 
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ip induces an automorphism of the polynomial ring k[x,x~^][y]. So, one can 
write ip{y) = ux^y + F{x,x~^) with uE k*,eGZ and F{x,x~^) G k[x,x~^]. 
Since (p is a homomorphism of the coordinate rings, it follows that e > 0 and 
F{x,x~^) = F{x) G k[x]. Then we have 

Px^ifiz) + {ux^y + F{xf + h 2 C^x^{ux^y + F{xY-^ + ■ ■ ■ + bdC^x^ = 1. 

This relation should coincides with the relation 


x""z + 1/'^ + h2X^y‘’' ^ H-h hdx’^ = 1. 

The comparison of the coefficients of the terms y’^ and xy'^~^ implies that 
= l,e = 0 and F{x) = 0 is divisible by x'' . Furthermore, with the 
hypothesis r > d, we readily see that a* = Pbi {2 < i < d) and ip{z) is given 
as in the statement. Q.E.D. 

Let X[d, r) be the affine hypersurface in dehned by the equation (4) 
in Lemma ri .4.201 which has the transition functions given in the assertion (5) 
of the same lemma. Let X'{d, s) be a similar affine hypersurface in with 
the equation 

x^z + {y‘^ + a[xy'^~^ + • • • + a'^_^x‘^~^y + a'^x^) = 1 


and the transition functions 


:= P'x ^ ° 7 ^'.. : Ai X A^ ^ A^ X A\ {x, c) ^ (x, c + 


p'M 


x° 


As in [To], we dehne a 3-dimensional affine variety W{d,r,s) by gluing to¬ 
gether d-copies of the affine 3-space {a;} x A^ (cu G H{d)) by the following 
identihcation 

, ^ , Pco{x) - px{x) ,P’M-P’x{x) 

(a;,a:,ci,C 2 ) ~ (A,x,ci H--, Ca H-^-), x A 0. 


X' 


X- 
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The projection {oj,x,ci,C 2 ) (u;,x,ci) yields a morphism tti : W{d,r,s) 
X{d,r) which is a principal Ga-bundle over X{d,r) with Ga-action coming. 
Similarly, the projection (w, x, ci, C 2 ) (uj,x,C 2 ) gives rise to a principal 

Ga-bundle 7r2 : W{d,r,s) —)• X'{d,s). The Galois group action of H{d) onto 
X{d, r) and X'{d, s) as specihed in the assertion (6) of Lemma ri.4.20l is lifted 
to W{d,r,s) as follows so that tti and 7r2 are if((i)-equivariant: 

A ■ (ca, X, Cl, C 2 ) = (Aca, Ax, A^“^Ci, A^“^C 2 ) for A G H{d). 

Since every principal Ga-bundle over an affine variety is trivial (cf. [48]j. 
we have splittings of W{d, r, s) in two ways. 

Theorem 1.4.23 Let X{d,r) and X'{d,s) be as above. Then we have iso¬ 
morphisms 

X{d, r)xA^ = W{d, r, s) ^ X'{d, s) x A\ 

We would like to descend these isomorphisms down to the level of H{d)- 
quotient varieties. For this purpose, one looks for if (dj-equivariant sections 
of TTi : IF(d, r, s) —)• X(d, r) and 7r2 : W (d, r, s) X'(d, s). 


Lemma 1.4.24 For the principal Ga-bundle tti : hF(d, r, s) —?• X{d,r), an 
H{d)-equivariant section is given by a family of polynomials G f[x, c],a; G 
fi(d) satisfying the following conditions: 


(1) For all ca, A G if (d) and (x, c) G x 


,, 4 ^. e) + c + PAAzlAd), 


x° 


X' 


(2) For u, X E H{d), 


A^ Va;(x, c) = aAaj(Ax, A^ "'c). 
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We can use the relation (2) in the above lemma to compute ax from ai 

ax{x,c) = A^“^c). (6) 

In terms of the function ai, the conditions (1) and (2) are reformulated 
as in the following result. The proof is essentially the same as in |T0] if one 
takes into account the relation (4) (iv) of Lemma I1.4.201 


Lemma 1.4.25 Given a polynomial a = ui G k[x,c], define polynomials 
{ax I A G by the equation (6) above. Then the conditions (1) and (2) 

in Lemma \1.4.24\ are satisfied if and only if a satisfies 

Pi{x) -pxix). 


X^-^x^a{X-^x,X^-\c + 


X' 


-)) = x^a{x,c) +p[{x) -p'xix) (7) 


for all X G H{d)fix,c) G Aj; x . 


If the polynomial a in Lemma [1.4.251 exists, then the principal Ga-bundle 
TTi : W{d,r,s) —)• X{d,r) splits i7((i)-equivariantly. Namely, dehne isomor¬ 
phisms on the cj-charts 9^ : (cjjA^) x A^ —>■ (a;,A^) by {{oj , x, cfi, C 2 ) eG- 
{oj, X, Cl, ai^{x, Ci)+C 2 ). Then the 6*^^ glue together to give an i7((i)-equivariant 
isomorphism 6 : X{d,r) x A^{1 — s) ^ W{d, r, s), where A^ signihes A^ con¬ 
sidered as an H{d)-modu\e (i.e., H{d)-yectoY space of dimension 1) with 
weight 1 — s. 

In order to hnd solutions of a(x,c) in k[x,c\ is a kind of Diophantine 
Problem, and there are no answers to the existence problem of solution in 
general cases but there is an elaborate treating by tom Dieck [10] in the case 
where X{d,r) = V{d,r) and X'{d,s) = V{d,s). In general, we write a{x,c) 
as a polynomial in c with coefficients in k[x] 


c) = fo{x) + fi{x)c H-h ft{x)c\ 


( 8 ) 
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We shall show the existence of solutions in the cases where r = s and either 
X{d,r) = V{d,r) or X'{d,r) = V{d,r). 

Lemma 1.4.26 The following assertions hold true. 

(1) Suppose that X{d,r) = V{d,r), i.e., p\{x) = A for all X G H{d) and 
that the p'x{x) satisfy the relation 

Pi{Xx) — p'xiXx) = Pi{x) — p'x{x) for any A G H{d). 

Put a(x,c) = fi{x)c, where 




Then a{x.,c) satisfies the relation (1) in Lemma If d = 2 and 

r = 3 then the px{x) satisfy the relation above for the p'x{x) (see Ex- 
ample \T.4-.21\ ). 


(2) Suppose that X'{d,r) = V(d,r) and that d = 2,r = 3. With the 
notations of Example \1.4.21\ let 


Then a(x,c) satisfies the relation (7) in Lemma\1.4.25 


Proof. (1) Let 

(y{x,c) = foix) + fi{x)c 

and put it in the relation (7) of Lemma [1.4.25[ The relation (7) reads as 


A^ ''x'’fo{X ^x)+x'’fi{X ^x)c+ {1 - \)fi{\ ^x) 
= x^ifoix) + fi{x)c) + p[{x) -p'xix). 
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Then we may put 

fo{X-^x) = X^-^fo{x), fi{X~^x) = fi{x) 

(1 - X)fi{X-^x) = p[{x) - p'^{x). 

Now put /o(x) = 0 and 

^ {K(^a;) - Pa(A x)} , 

where p}(Ax) —p'y^{Xx) has a factor 1 — A. Then, under the hypothesis in the 
assertion (1), cr(x, c) satisfies the relation (7). 

(2) The computation is straightforward. Q.E.D. 

A similar argument as in Lemma [1.4.261 gives the following result. 

Proposition 1.4.27 Suppose that d < r < 2d and that X{d,r) is defined by 
x^z + + ax‘^ = 1 with a E k. Then the following assertions hold true. 

(1) px{x) = X — ^Xx'^ for X E H{d). 

(2) Define a{x, c) and r(x, c) as follows: 

cr(x,c) = Y^-j{pi{Xx) - px{Xx)} c 
t ( x , c ) = + (l + c. 

Then we have: 

A^“^x'’(j(A“^x, A''“^(c + —-)) = x^cr(x, c) + pi(x) — pa(x) 

x^ 

,l_r r /\-l I Pl(^) ~Pa(x).. j, . 'ill \ 

A X r(A X, A (cH-)) = xcr(x,c) + l —A 


X 
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for all A G H{d). Hence we have an isomorphism 
X{d,r) xA^ = V{d,r) x 


Proof. The relation for a{x,c) follows from the assertion (1) of Lemma 
I1.4.26I The relation for t{x, c) can be verihed by a straightforward compu¬ 
tation. Q.E.D. 
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CHAPTER 2. JACOBIAN CONJECTURE 


In this chapter, the ground held is an algebraically closed held k of char¬ 
acteristic zero. We often confuse k with the complex held C if the use of C 
is more suitable. We shall gather together some of the well-known results 
on the Jacobian conjecture in 2.1 and then shift to the generalized Jacobian 
conjecture in 2.2, 2.3 and 2.4. In the last section 2.5, we deal with affine 
pseudo-coverings, and the treatment contains new results. 


2.1 Generalities 


The following is a renowned 


Jacobian Conjecture. Let /i,..., /„ be elements of a polynomial ring in 
n variables C[a;i,... ,Xrf\ defined over the complex field C. Suppose that the 
Jacobian determinant 


J{F;X) 


9h .. 

. 

dxi 

dXn 

df2 

9/2 

dxi 

dXn 

dfn 

dfn 

dxi 

dXn 


Then C[xi, ...,Xn\ = C[/i, 


Here F and X signihes a set of polynomials (/i,...,/„) and a set of 
variables (xi,..., Xn) and C* stands for the set of nonzero complex numbers 
C \ {0}. We also denote the Jacobian determinant by 

j ( 

\ 5 • • • 7 

In geometric terms, the conjecture can be expressed as follows. Dehne a 




2.1. GENERALITIES 


55 


polynomial morphism (or endomorphism) F : A"" —)• A"" by 

{Xi,. . . ,Xn) ^ {fl{Xi, . . . ,Xn), . . . , ..., X„)). 

We also denote this morphism by A = If F is an antomor- 

phism of the affine space A", there exists then another polynomial morphism 
G = {gi ,..., gn) : A"" ^ A"" snch that G o A = id and A o G = id . By a 
theorem of Ax BE] which asserts that an injective algebraic endomorphism 
ip : X ^ X of an algebraic variety X is an automorphism, a polynomial 
mapping A = [fi,..., fn) : A*^ —)■ A"’ is an antomorphism if there exists a 
polynomial morphism G = (^fi,..., : A"" —)• A” snch that G o A = id . 

Denote by J(G o A; A) the Jacobian determinant J(G;X) with the set of 
polynomials A = {fi,..., fn) snbstitnted for the variable X = {xi,..., x„). 
Partial differentiation of a composite fnnction then yields the following rela¬ 
tion 

J(Go A; A) ■ J{F;X) = 1 . 

Hence the Jacobian determinant J{F]X) is an invertible element of C[xi ,... ,x. 
Since €\xi,... ,Xn\* = C*, it follows that if a polynomial endomorphism 
A : A" —>■ A"" A an automorphism, then the Jacobian determinant J{F-,X) 
is a nonzero constant. 

The Jacobian Conjectnre asserts that the converse of this resnlt holds 
trne. Namely, it asserts that 

Jacobian Conjecture (the second form). A polynomial endomorphism 
A = (/i,..., fn) : A" —)■ A" is an automorphism if the Jacobian determinant 
J{F;X) is a nonzero constant. 
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In the case n = 1, the conjecture holds because the condition df /dx G C* 
for a polynomial in one variable x 

f = OjqX^ -\- Q-iX^ ^ d" ■ ■ ■ "h Cbmi 7^ 0 

implies deg / = 1. In the case n > 2, the conjecture remains unsolved. 

Set Hi = fi{xi,..., Xn) (i = 1,..., n), where we assume that /j(0,..., 0) = 

0. With the condition J{F]X) G C*, one can express Xi,... ,Xn as formal 
power series in yi,... ,yn- In fact, we can determine the coefficients of the 
terms of a formal power series ipi by the method of undetermined coefficients 

OO 

Xi = Tiiyi: ...,yn) = ^ Cc.y'^ 

a=0 

after substituting fi{xi,..., Xn) for y^, where ?/" = yf^ ■ ■ ■ yf^ for a = (ai,..., a- 
By the inverse mapping theorem, the formal power series ipi{yi,... ,yn) is 
a holomorphic function in variables yi,...,yn in a small open neighbor¬ 
hood of the origin. Namely, the polynomial endomorphism F induces a 
local isomorphism between the small open neighborhoods of the origin. Let 
P = (ai,...,an) G A'^ and let Q = F{P) = (6i,..., Then after the 
change of variables 

Xi = x'i + tti, yi = y[ + hi, 

we have y[ = Fl{x'i ,..., x'^) and J(F'; X') = J{F-,X) G C*. Hence the poly¬ 
nomial endomorphism F : A^ A" induces a local isomorphism between 
small open neighborhoods of the point P and its image Q. This follows 
from the observation that if J{F-,X) G C*, the polynomial endomorphism 
F ; A"" —)■ A” induces an isomorphism Tp : T^n^p —)■ Ta”,q of the tangent 
spaces or an isomorphism dF : Hin g —)■ p of the cotangent spaces. Hence 
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the condition J{F-, X) G C* is equivalent to the condition that F : ^ 

is unramihed (or etale since F is the morphism between two smooth vari¬ 
eties). 

Although F is locally an isomorphism, one cannot conclude that the 
endomorphism F gives, therefore, an isomorphism between A” and its image 
F{A^). In fact, there might be two or more points Pi,..., Pd of A” mapped 
to the same image Q. Note that there is no subvariety mapped to a point by 
F, for otherwise a tangential direction along the subvariety is in the kernel 
of the tangential mapping Tp above for a point P of the subvariety. So, only 
hnitely many points are mapped to Q. If one takes a point Q to be sufficiently 
general then the number d is equal to the degree of the field extension 

[C{xi,..., Xn) : C(/i,...,/„)]. 

A polynomial endomorphism A : A*^ —)■ A^ is called a local isomorphism. 
We also say that F is unramified or etale at every point of A"’. With this 
terminology, the Jacobian conjecture asserts equivalently the following: 

Jacobian Conjecture (the third form). A polynomial endomorphism F 
o/A” is an isomorphism if it is unramified everywhere on A"". 

We can dehne an unramihed morphism ip : X ^ Y between algebraic 
varieties. A morphism ip is said to be unramified if, for any point P E X 
and Q := <p{P) G Y, the morphism ip induces a local isomorphism between 
small open neighborhoods of P and Q (the case k = C), or if, for any point 
P E X and Q := (p{P) E Y, ip induces an isomorphism ip* : Oy,q —t Ox,p 
of the local rings (if k is arbitrary), where Oy,q and Ox,p are respectively 
the completions of the local rings Oy,q and Ox,p- An unramihed morphism 
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if ■. X is a. finite morphism if, for any point Q G <f{X), the inverse image 
ip~^{Q) consists of d points for certain fixed number d. Then it follows that 
the image '^{X) coincides with Y itself because a hnite morphism is a closed 
mapping. We then say that the morphism 99 : X —)■ y is a finite covering 
of degree d. Such coverings are familiar in the study of the fundamental 
group. If one notes that C"" is simply connected, it suffices to show that F is 
a hnite morphism. Hence we can generalize the above form of the Jacobian 
conjecture and state the following more general conjecture. 

Generalized Jacobian Conjecture. Let (p \ X ^ X be an unramified 
endomorphism. Then ip is a finite morphism. 

The Jacobian conjecture looks, at the hrst glance, much of analytic na¬ 
ture, but it is more algebro-geometric or topological. The author feels that 
the conjecture is deeply related to a (yet non-existent) theory of branched 
coverings (ramihed along the hidden part, i.e., the boundary at inhnity) of 
algebraic varieties. In other words, the author believes that the study of 
unramihed (or etale) endomorphisms of algebraic varieties is signihcant in 
order to solve the Jacobian conjecture. We shall list up below some of known 
results on the Jacobian conjecture which have been proved by far. 

Theorem 2.1.1 The following assertions hold for a polynomial mapping F : 
hr —)■ hr with J{F;X) E C*. 

(1) The image of the polynomial mapping F -. ^ AT is a Zariski open 

set and contains all codimension one points. 

(2) If C(a;i,..., Xn) = C(/i,..., /„) holds additionally, so does the conjee- 
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ture, where C(a:i,..., Xn) (resp. C(/i,..., /„)) is the quotient field of 
the polynomial ring C[a:i,..., x„] (resp. C[/i,..., /„] 

(3) More generally, if C{xi,... ,Xn) is a Galois extension o/C(/i,..., 
then the conjecture holds. 

Proof. A related result is taken up again in Lemma I2.2.11 We shall prove 
only the assertions (1) and (3). The assertion (2) follows from (3). 

(1) If (p : X —)■ X is an endomorphism of an algebraic variety, we write it 
as (p : Xi —>■ X 2 to distinguish the source from the target, where Xi = X 2 = 
X. Similarly, the induced endomorphism of the coordinate rings is written 
as if* : R 2 ^ Ri, where Ri = R 2 = V{X,Ox)- Let R = C[xi,..., a:„]. 
Then tp* is injective and p*{R 2 ) = C[/i,..., /„], which we denote by S. Let 
p be a height 1 prime ideal of S. Since S is factorial, p = {h) for h E S. 
Since R* = S* = C*, hR is a proper ideal of R. Let be all 

the prime divisors of hR. Then ^ 1 ,... have height one. Let ^ 
and let q = ^ fl S'. Then q ^ p. We have only to show that q = p. 
Suppose the contrary. Consider S'/q —?■ R/^. The associated morphism 
Spec —)• Spec S'/q is the restriction Fsp of F onto the subvariety P(^). 

If lit (q) > 2, then the general fiber of Ffp has positive dimension. This 
contradicts the hypothesis that F is unramihed. The openness of F(A"') 
follows from the fact that F is etale (= unramihed + hat) and that a hat 
morphism is an open mapping. 

(3) Set X = A"" and consider a polynomial endomorphism A : Xi —)■ X 2 . 
Let G be the Galois group of the held extension C(xi,..., x„)/C(/i,..., /„). 
Let X 2 be the normalization of X 2 in the fnnction held of Xi. Then X 2 is 
a normal algebraic variety containing Xi as a Zariski open set by Zariski’s 
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Main Theorem and the normalization morphism F : X 2 —)■ X 2 is a finite 
morphism. Then the Galois gronp G acts on X 2 in snch a way that 

F o a = F, Wa E G. 

Furthermore, the quotient variety of X 2 under the G-action is isomorphic to 
X 2 . By the assertion (1), the image F{Xi) is a Zariski open set of X 2 , which 
contains all codimension one points. Consider a codimension one point Q of 
X 2 and its closure W in X 2 which is a hypersurface of A”. Since Q E F(Xi), 
there exists a codimension one point P of Xi such that Q = F{P). If we set 
F~^{Q) = {Pi, ■ ■ ■, Pd} with P = Pi, it is known that G acts transitively on 
the set F~^{Q). Namely, for any point Pi E F~^{Q), there exists ai E G such 
that Pi = crj(Pi). Since F induces a local isomorphism between the points 
Pi and Q, F induces a local isomorphism between the automorphic image 
Pi of Pi and Q. Hence the finite morphism F : X 2 -E X 2 is unramified at 
every codimension one point of X 2 . Since X 2 is smooth, the finite morphism 
F : X 2 —)■ X 2 is then unramified by the purity of branch loci . Now since 
T^i{X) = {!}, it follows that F is an isomorphism. Hence F : Xi —)■ X 2 is 
also an isomorphism. Q.E.D. 

When n = 2 we have more specified results. For more comprehensive 
treatments, see van den Essen [H]. 

Theorem 2.1.2 Suppose n = 2. Let deg/i = m, deg /2 = n, where deg 
stands for the total degree with respect to variables xi,X 2 - Then the following 
assertions hold. 

(4) In one of the following cases, C[/i,/ 2 ] = C[xi,a; 2 ] holds (Nakai-Baba 
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(i) Either m or n is a prime number. 

(ii) Either m = 4 or n = 4. 

(iii) m = 2p > n and p is an odd prime. 

(5) If either m or n is a product of at most two prime numbers, then 


C[xi,X 2 \ = C[/i,/ 2 ] holds (Applegate-Onishi |3]). 

(6) //max(m,n) < 100, then C[/i,/ 2 ] = G[xi,X 2 \ holds (Moh [37]). 

(7) //C[a;i,a; 2 ] ^ C[/i,/ 2 ], gcd(deg/i, deg/a) > 16 (Heitmann [23]). 


(8) With the affine plane Af embedded naturally into the projective plane 


we denote the line at infinity by ioo. Denote by V{fi) the closure 
in of the affine plane curve V{fi) defined by f\ = 0. Similarly, we 
define V{f 2 ). Suppose that V{fi) fl ioo as well as V{f 2 ) H ioo consists 
of a single point for every pair (/i, /a) satisfying .J{F]X) E C*. Then 
the Jacobian conjecture in the case n = 2 holds (Abhyankar [1]). 

We shall explain below analytic, algebraic and geometric approaches. For 
a set of polynomials F = {fi,..., ff), we dehne a derivation 5i of the poly¬ 
nomial ring C[xi,..., xf\ by h where we set 



by substituting h for fi. If a derivation S of C[xi,... ,Xn] satishes the con¬ 
dition that S^{h) = 0 (A^ S> 0) for any element h E C[xi,..., x„], we 

say that 6 is locally nilpotent. If n = 2, the following result is known (cf. 
Bass-Connell-Wright m)- 
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Lemma 2.1.3 With the above notations, the following assertion holds. 

(9) Suppose that J{F-,X) E C* for F = (/i,/ 2 ). Then C[a;i,a; 2 ] = C[/i,/ 2 ] 
if and only if (5i or 62 is a locally nilpotent derivation. 


We shall consider a formulation of the Jacobian conjecture in terms of 
partial differentiations. We consider the following operators Xi and di which 
act from the left on the polynomial ring An := C[a;i,... ,Xn] in n variables. 
They are dehned by 


Xi'. f ^ Xif, 


di-. f ^ 


dxi 


The operator algebras over C generated by the operators Xi,... ,Xn,di,... ,dn 


■ ^[^ 1 ) • • • ) dl) • • • ■> 


is called the Weyl algebra. It is easy to verify the following commuting 
relations among those operators: D 


[di,Xj\ = 6 ij, [di,dj] = [xi,Xj] = 0 {Wi,j), 

where the bracket product of the operators p and a is dehned by [p, a] = 
pa — ap. An element of the Weyl algebra TJn is written as 

P = '^aad°‘, aaeC[xi,...,Xn\, 

a 

where we put 9" = for a multi-index a = (ai,..., «„). Let 

|q;| = ai + Clin and let 

T^n{v) = ; |q;| < v}. 
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Then {'Dn{v)}v>o is an increasing sequence of left A^-modules of the Weyl 
algebra T>n, which we call the T-filter. Let ip : T>n E>n be a ring endomor¬ 
phism of the Weyl algebra Rn, which is uniquely determined if the elements 
p{xi) and p{dj) are assigned so that the following relations are satisfied: 

[ip{di),p{xj)\ = 6ij, [ip{di),p{dj)\ = [ip{xi),p{xj)] = 0 . 

It is known that any ring endomorphism of Rn is injective. We then have 
the following conjecture due to Diximier. 

Diximier Conjecture. Any ring endomorphism of the Weyl algebra Rn is 
surjective. 

A weakened version of the Diximier conjecture is stated as follows: 

Weak Diximier Conjecture. Any ring endomorphism p of the Weyl al¬ 
gebra Rn is surjective provided it preserves the T-filter, i.e., 

p{Rniv)) c Rniv) (Vn > 0). 


There are mutual implications between the Diximier conjecture and the 
Jacobian conjecture. 

Lemma 2.1.4 The following assertions hold. 

(10) If the Diximier conjecture holds, so does the Jacobian conjecture (Vas- 
erstein-Kac i)- 

(11) The weak Diximier conjecture holds if and only if the Jacobian conjec¬ 
ture holds (van den Essen [13]). 
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We have observed the Jacobian conjecture over an algebraically closed 
field. But we can state the same conjecture over a non-closed field, e.g., over 
the real field M. In the real case, there is a counterexample by Pinchuk |44j . 

Theorem 2.1.5 We have the following result. 

(12) There exists a pair of polynomials (/i,/ 2 ) in two variables xi,X 2 with 
real coefficients such that the polynomial mapping F = (/i,/ 2 ) : t 

is a local isomorphism but not a homeomorphism. The Jacobian 
determinant is not invertible but does not have solutions in 

Given a polynomial / G C[xi,..., a:„], let / = /(o) + /(i) H-h /(d) be the 

homogeneous decomposition with respect to the total degree, where /(p is 
the i-th homogeneous part. For a system of polynomials F = (/i,..., /„), set 
Fi = (/i,(i),..., fn,{i)), where fj^{i) is the Gth homogeneous part of fj. Then 
we have a decomposition into the homogeneous parts F = F(o) + ... + F(d). 
Set also degF = max(deg/i,..., deg/„). We shall recall first a result of 
Wang [52] . 

Theorem 2.1.6 Let F = (/i,..., /„) : A” ^ A"' be a polynomial endomor¬ 
phism such that J{F-,X) G C* and degF < 2. Then F is an automorphism. 

Proof. By a theorem of Ax [5], it suffices to show that F : A” —)■ A"’ is 
injective. Suppose the contrary. Then there exist two points P, Q of C” such 
that P(P) = F{Q). Define G = (cp,..., ^„) by G(X) = F{X + P) - F{P) 
and let P := Q — P, where X + P or Q — P is the point obtained by the 
coordinate-wise addition or subtraction. Then G{0) = G{R) = 0. Since 
degP < 2, we have degG < 2. Hence we can write G = G(i) -|- G( 2 ). Set 
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to = 1/2. Then we can compute as follows. 


0 = G{R) = G(^i){R) + G^2){R) 


— G(i)(i?) + 2toG(2)(.R) 


d 

dt 

d 

dt 

d 

dt 


[tG(i){R) + t^G{2){R))^^^^ 


[G(i){tR) + G{2){tR))^^^^ 


GitR) 


t=to 


J{G-,X){toR) ■ R. 


Since .J{G]X) = J{F-,X), we have J{G; X)(toR) ^ 0 and hence R = 0. But 
this is absurd. Q.E.D. 

For a given polynomial endomorphism F = (/i,..., /„) : A” A"", we 
can define a new set of polynomials by adding new variables Xn+i, ■ ■ ■, Xn+m 
and the associated polynomial mapping Ft™] = (/i,..., x„+i,..., Xn+m) ■ 

^n+m Then we have the following Reduction Theorem [6]. 


Theorem 2.1.7 Given a polynomial endomorphism F : —)■ , there 

exist an integer m > 0 and polynomial automorphisms G, H : A’^+’" —)■ A"'”''™' 
such that the composite F' := Go Ft™! oH satisfies the condition degF' < 3. 
If J{F]X) G C* holds, so does the condition J(F';X[™1) G C*. Hence the 
Jacobian conjecture holds in general if it holds for polynomial endomorphisms 
satisfying degF < 3. 

This result can be elaborated in the following fashion. 


Theorem 2.1.8 The Jacobian conjecture holds in general if it holds for a 
polynomial endomorphism F : hT —>■ hT of the special form F = X + K, K = 
{ki,..., kn), where ki is either 0 or a homogeneous polynomial of degree 3. 
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Druzkowski m made the following improvement of Theorem 12.1.81 

Theorem 2.1.9 If the Jacobian conjecture holds for the ki in the following 
form 



then it holds in general. 

We say that a polynomial mapping F = X + is of Druzkowski type if 
the homogeneous part K of degree 3 is the third power of a linear form as in 
the above theorem. Druzkowski [12] proved the following result. 

Lemma 2.1.10 A polynomial endomorphism F = X + K of Druzkowski 
type is an automorphism if the coefficient matrix A = (oji) of the linear form 
in K satisfies either rank A < 2 or n — ra nk A <2. 

We shall restrict ourselves to the case of two variables in the following 
discussions. We employ the notations f,g preferably to /i ,/2 and x,y to 
xi,X 2 . We set deg / = m,degg = n and let fm^Qn be the top homogeneous 
parts ol f,g. If m + n > 2, the hypothesis J(F; X) G C* implies 



where F = {f,g) and X = {x,y). If d = gcd(m,n), this implies that there 


exists a homogeneous polynomial h of degree d satisfying fm l^m/d 

where p ^ q signihes p/q & C*. Hence if the hypothesis J{F;X) G C* 
implies either m | u or u | m, it will follow that gn rsj fm"^ or fm 

Qh- ^ 

Suppose, for example, gn ~ fm'^- Then we can choose c G C in such a way 
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that with /i 


f-,9i=9~ we have 


J 


fi,9i 

x,y 


= J 


f,9 

x,y 


e C* 


and max(deg/i, deggfi) < max(deg/, deggf). Namely the proof of the Jaco¬ 
bian conjecture will proceed by induction on max(deg/, deggf). 

Note that the homogeneous polynomials fm and gn are decomposed into 
the products of linear forms 


fm ~ YiiaiX + biy), gn ~ W{cjX + djy). 
i=l j=l 

Now embed the affine plane into the projective plane by {x, y) i—)■ 
{x,y, 1). Then the set of points /(/) := {(6*, —aj,0) ; 1 < i < m} is the set 
of points where the closure of the affine curve V (/) meets the line at inhnity 
^oo := {z = 0} and the set of points I{g) := {{dj, —Cj,0) ; 1 < j < n} is 
the set V{g) D ioo, where V{g) is the closure of the affine curve V{g). So, 
the above result on the existence of a homogeneous polynomial h of degree d 
implies that the hypothesis J{F;X) G C* yields the coincidence of two sets 
of intersection /(/) and I{g). 

In the above arguments, we used the weights deg a; = degy = 1. But we 
may use different weights 


deg^a; = a;i, deg^y = UJ2, 

where u = (wi, U 2 ) is a pair of integers, and dehne the degree of a monomial 
cx'^y^ (c 7 ^ 0 ) by 

deg^ cx'^y^ = aui + I3u2. 

With this degree, we can consider the u-degree oi polynomials, u-homogeneous 
polynomials and the decompositions of polynomials into the u-homogeneous 
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parts. We denote the top w-homogeneous parts of / and g by /+ and 
respectively. If / and g are not cj-homogeneous but satisfy the condition 
J{F;X) eC*, then we know 

J f fuj 1 du 

\ X,y 

If we set m = deg^ f,n = deg^ g,d = gcd(m, n) then there exists, as in the 
previous case, a w-homogeneous polynomial h such that 

(see Abhyankar[T]). If we change the value of u, the combinations of mono¬ 
mials appearing in /J" and g^ will change accordingly. Hence we can get 
more informations on the polynomials / and g satisfying the hypothesis 
J{F]X) G C*. The following results of Magnus [27] is shown by using the 
idea of w-degree (see Nakai-Baba H). 

Lemma 2.1.11 The following assertion holds. 

(13) If J{F;X) E C* and mm{m,n) > 1, then gcd(m, n) > 1. Hence if 
either m or n is a prime number, then the Jacobian conjecture holds. 

Given a polynomial / = Ylij CijX^y^, the set S{f) = {{i,j) ; 7 ^ 0} 

is called the support of f. In the hrst quadrant of the coordinate plane, 
consider the smallest convex polygon containing the origin (0, 0) and the 
points of S{f). We call it the Newton polygon of / and denote it by N{f). 
The following result is due to Abhyankar [T]. 

Lemma 2.1.12 The Jacobian conjecture is equivalent to the following con¬ 
dition: For any pair of polynomials F = (/, g) satisfying the condition 
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J{F]X) G C*, the newton polygon N{f) (or N{g)) is a triangle with three 
points (0, g), (0, 0), (p, 0) as summits, where p,q are non-negative integers. 

2.2 Generalized Jacobian Conjecture 

We shall consider the generalized Jacobian conjectnre in a bit elaborated 
form: 

Generalized Jacobian Conjectnre. Let X be a smooth algebraic variety 
defined over an algebraically closed field k of characteristic zero and let p : 
X ^ X be an etale endomorphism. Then ip is an etale finite morphism. 

We shall begin with the following resnlt, of which the hrst assertion is 
already given in Theorem 12.1.11 

Lemma 2.2.1 Let X and ip be the same as in the above conjecture. Then 
the following assertions hold: 

(1) If ip is injective or if ip is birational, then ip is an automorphism. 

(2) If the logarithmic Kodaira dimension T{X) = dimX, i.e., X is of 
general type, then ip is an automorphism. We refer to [3lj for the 
dehnition of logarithmic Kodaira dimension and relevant resnlts. 

(3) If X is complete and has nonzero Euler number e{X) then ip is an 
automorphism. 

Proof. (1) If ip is injective, the assertion follows from Ax’s theorem [5l[7]. 
If ip is birational, Zariski’s Main Theorem implies that ip is injective becanse 
X is smooth and ip is qnasi-hnite. Hence follows the assertion. 
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(2) The assertion follows from [2^ . 

(3) Let d := deg</ 3 . Since is a finite morphism when X is complete, we 

have e{X) = de{X). If e{X) ^ 0 then <7 = 1. Namely (p is birationah Hence 
if is an automorphism by (1). Q.E.D. 

Remark. (1) If X has logarithmic Kodaira dimension k{X) > 0 and if 
if : X ^ X is a. dominant morphism, then ip is an etale endomorphism (cf. 
[H Th. 2]). 

(2) If X is a commutative group variety, then the multiplication by m 
endomorphism for a positive integer m > 1 is a hnite etale morphism, and 
it is an automorphism if and only if X is a vector group. Furthermore, 
77(X) = 0 if and only if X has no unipotent subgroups. It is well-known that 
X has no unipotent groups if and only if X is an extension of an abelian 
variety by an algebraic torus. 

If (X, ip) is a pair of a smooth algebraic variety X and a non-hnite etale 
endomorphism p of X, then we say that (X, p) is a counterexample to the 
generalized Jacobian Conjecture (GJC in short). It is clear that if {X,p) is 
a counterexample to GJC then so is (X x X, 9 ? x idy) for any smooth variety 

X. 

The appearance of a hnite etale endomorphism for an abelian variety or 
an algebraic torus is related to the group structure on X which comes from 
a lattice structure on the universal covering space. Thus we are tempted to 
look for a counterexample to GJC which is not related to a group structure. 
The hrst of such examples was constructed in [33] . 

Example 2.2.2 Let C be a nonsingular cubic curve in and let X = 
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— C. Then the following assertions hold: 

(1) k{X) = 0 and Pic (X) = Z/3Z. 

(2) There exists a surjective, non-finite, etale endomorphism tp ■. X ^ X 
of degree 3. 

(3) Let X be the normalization of the lower X in the function field of the 
upper X. Then X is a smooth affine surface containing X as a Zariski 
open set, and X — X is a disjoint union of six affine lines. 

Proof. We shall prove the assertion (2). Let tt : hP —)■ P^ be a triple cover¬ 
ing which ramihes totally over the curve C. Then hP is a smooth projective 
surface with 

Kw ~ 7r*(iPp2 -|- 2H), 

where iL is a hyperplane in P^. Then Kw ~ —7r*{H), hence —Kw is ample 
and {Kw‘^) = 3. So, hP is a del Pezzo surface of degree 3. It is well-known 
that a del Pezzo surface of degree 3 is obtained from P^ by blowing up six 
points in general position and that there are 27 lines contained in the surface. 
Conversely, if one contracts mutually disjoint six lines on W, then one obtains 
a birational morphism from W to P^. The 27 lines on W are obtained as 
follows. The curve C has 9 flexes Pi,...,Pg. Let (1 < i < 9) be the 
tangent line of C at the point Pi. Let C be the inverse image of C* on hP 
and let P* be a point on C lying over P*. Then consists of three lines 

L^P {j = 1, 2, 3) such that lP , Lp\ lP and C meet each other transversally 
only in the point Pj. Then {L^ | 1 < i < 9,1 < j < 3} are the 27 lines on 
VP. Choose six disjoint lines Li,..., Lg among them and contract them to 
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obtain a birational morphism p : bb ^ Let C = p{C). Then P^ — C* is 
isomorphic to X and p induces an isomorphism 


p' W — [C + Li + ■ ■ ■ + Lq) —y P^ — C. 

Let p be the composite of p'~^ and 'K\-^_{c+LT_+---+L(i)- Then p : X —)■ X is 
a required etale endomorphism. Let X = W — C. Then p| : X —)■ X is 
the normalization morphism of X in the function field of W. Hence X — X 
consists of six affine lines. Q.E.D. 

This example with due specialization gives rise to a new counterexample 
with a Q-homology plane [19]. 

Example 2.2.3 Let C := {X^ + = 0} be a eubic curve in P^ and 

let S := P^ — (7. Let T := {X^ + = 0} be a cubic hypersurface 

in P^ and let vr : P^ —)■ P^ be the projection 7i{[x,y, z,w]) = [x,y,z]. Denote 
by To the curve {W = 0} on T. Then the following assertions hold: 

(1) 71 : T — T(j ^ S is the universal covering morphism. 

closed immersion of an elliptic curve C into is given by $| 3 p| : C ^ P^ with a 
closed point P. If / : C —>■ C" is an isomorphism of elliptic curves with P' := f{P), then 
there exists an automorphism g : P^ —>• P^ such that g ■ $| 3 P| = $| 3 P'| • /■ Suppose that C 
(resp. C") is written as Y^Z = —g 2 X (resp. Y'^Z' = 4,X'^ — g 2 X'Z'^ — g'^Z'^ 

with respect to a system of homogeneous coordinates {X,Y,Z) (resp. {X',Yh Z')) such 
that the point P (resp. P') is given as (0,1)0)- Then the j-invariant of C (resp. C) 
is given as j = gl{gl - 21gl)-^ (resp. / = g'l{g'% - 21g'l)-^). Since j = j', we have 
(ff/ 52 )^ = Os/g's)^- Namely, 52 = cg 2 and gs = dg'^ with c,d G k*. By a change of 
coordinates {X,Y,Z) >->■ (cX, sJO jdY, dZ), we may assume g 2 = 52 93 — 93- Then 

the complements P^ — (7 and P^ — C are isomorphic to each other. 
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(2) T is a del Pezzo surface with Kt = 0{—Tq). There exist six points 
in general position on say Pi,..., Pq, such that T is obtained from 
P^ by blowing up these points. Let Ei be the exceptional curve lying 
over Pi- Then each Ei meets Tq transversally in exactly one point and 
hence each Ei is a straight line in P^. Let r : T —)■ P^ 6e the blowing-up 
morphism and let C = t(To). We have an isomorphism 

T - (To U Pi U ■ ■ ■ U Pe) - C. 

Since Tq = C, there is an isomorphism C = C. Hence there exists 
an automorphism o/P^ which maps C onto C. Clearly, the morphism 
n : T — (To U Pi U ■ ■ ■ U Eq) S is an Stale but non-finite morphism. 
Thus we obtain a non-finite Stale endomorphism f := : S ^ S. 

(3) Consider the following action o/Z/3Z = (a) on T induced by an action 
on P^, 

a{\x,y,z,w]) = [ex,e'^y,ez,w]. 

Here 6 is a primitive cube root of unity. This action has no fixed points 
on T — Tq and it commutes with the projection tt : P^ —)■ P^ and the 
covering transformation h : T — Tq ^ T — Tq, where 

a{[x,y,z\) = [6x,9‘^y,6z] and h{[x,y, z,w]) = [x,y, z,9w]. 

(4) There exist six disjoint lines Fi,...,Fq on T such that a keeps this 
set of lines stable. We can use these six skew lines on T to get a 
morphism : T —)■ P^ such that these six lines are the exceptional 
curves for the blowing up morphism g. Then a acts fixed-point freely on 
T —(ToUPiU.. .UPe) and commutes with the projectionn : T—Tq —)■ S. 
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Thus we get an induced non-finite etale endomorphism from S/{a) to 
itself. 

(5) V := S/{a) is an NC-minimal Q-homology plane with 77(4^) = 0. 

Proof. We shall prove the assertions (4) and (5). The rest is rather straight¬ 
forward to verify. 

(4) Let Fi := {X + Y = 0 = Z + W}. Then F 2 := a(Fi) = {OX + Y = 0 = 
Z + 6W} and F 3 := cr^(Fi) = {X + OY = 0 = Z + 6‘^W}. It is easy to see that 
these three lines are mntnally disjoint. Let F 4 := {X + 9W = 0 = F -|- Z}. 
Then F 5 := a{F^) = {OX + W = 0 = Y + OZ} and Fg := a^F^) = {X+ W = 
0 = 6Y + Z}. Then FijFsjFg are mntnally disjoint and Fi is disjoint from 
each of them. It follows that the six lines Fj are mntnally disjoint and a 
keeps the set of these lines stable. 

(5) Recall from [13 §6] that a pair [Y, D) of a smooth projective snrface Y 
and a connected simple normal crossing divisor F on F with 77(F — F) > 0 
is said to be NC-minimal if in the Zariski decomposition Ky + D = P + N, 
the negative part N = Bk *(F). Fnjita has proved that if {Y,D) is not 
NC-minimal then F contains a (—l)-cnrve L which meets F transversally in 
only one point which is a point on a maximal rational twig of F. Fnrther, 
77(F —F —L) = 77(F —F) (cf. [I7l Lemma 6.20]). Clearly, since F(S') = 0 and 
a acts hxed-point freely on S we see that F(F) = 0 by litaka’s resnlt. Since 
e{S) = 3, we get e(F) = 1. Since vri(S') = Z/(3), we see that bi{V) = 0. 
Hence 62 (F) = 0, which shows that F is a Q-homology plane. If F is not NC- 
minimal, then by Fnjita’s lemma F contains a cnrve L = A^. Then for some 
integer £ > 0 the divisor £L is the divisor of a regnlar fnnction ip on F. The 
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morphism (p : —)■ is a A^*-fibration because RiV — L) = 0 by Fujita’s 
lemma and using Kawamata’s inequality [M], — L) > F(F) + 77(Ai) to 

the morphism V — L A^*, where A is a general hber. The pull-back of 
this morphism to S gives an A^*-£bration on S. We will show that S does 
not admit any A^*-£bration. Suppose that r : S' —)■ A is an A^hbration, 
where i? is a smooth curve. Since there is no non-constant morphism from 

to a curve, there are one or two points of indeterminacy in P^. After 
resolving the indeterminacies we get a P^-hbration on the blown-up surface 
such that the proper transform of the curve C is contained in a singular hber 
of the P^-£bration. But it is well-known that every irreducible component of 
a P^-£bration on a smooth projective surface is a (smooth) rational curve. 
This contradiction shows that V is NC-minimal. Q.E.D. 

In the following two examples the endomorphisms ip are finite etale en- 
domorphisms, but its appearance is less related to the group structure of a 
surface which has logarithmic Kodaira dimension zero. We shall recall some 
dehnitions on Ah£brations which are necessary in the subsequent arguments. 
See [M] for more explanations and relevant results. 

Let X be a smooth affine surface and let tt : X —)■ i? be an ALhbration. 
Here we note that X has always an ALhbration provided F(X) = 1 and that 
there are no other ALhbrations. There is a smooth normal compactihcation 
H of X such that tt extends to a P^-£bration p : V -P- B. Let D = V — X, 
which is a reduced effective divisor with simple normal crossings. Since the 
general fibers of vr are isomorphic to A);, A contains components which are 
transverse to the hbration p. There are two cases to consider. The hrst case 
is that there are two cross-sections Hi, H 2 of p, and the second case is that D 
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has a unique component H which is transverse to p and is a 2-section. The 
Aj;-fibration tt is called untwisted (resp. twisted ) in the hrst (resp. second) 
case. 

Example 2.2.4 Letn : X ^ B be an untwisted Al-fibration sueh that every 
fiber is isomorphie to if taken with the redueed strueture. Assume that 
X has a eompaetifieation V sueh that V is normal and V — X eonsists of 
one point and a connected divisor. Assume furthermore that B is an elliptic 
curve and that n has no multiple fibers. Then there exists a nontrivial etale 
endomorphism tp -. X ^ X if and only if there exist an endomorphism /3 of 
B, an invertible sheaf C on B of positive degree and a positive integer d > 1 
satisfying the condition: We have necessarily d = deg/9 and 

deg ip = d?. Furthermore, p is a finite morphism. 

Proof. There exists an invertible sheaf C such that X = T{Ob® C) — (AqU 
Ai), where Sq, Si are the cross-sections of the P^-bundle. The invertible sheaf 
C is determined uniquely up to isomorphisms by the A^bundle X. We may 
assume that (Ag) < 0. Then Sq (resp. Sfi corresponds to the projection 
from Ob © A to Ob (resp. A). Suppose there exists an etale endomorphism 
p : X ^ X. Then n o p = ott for an endomorphism fi of B. Let now Y be 
a hber product X Xb {B,/3) and ny '■ Y B he the induced ALhbration. 
Then Y = T{(Db © /9*(A)) — (Ag^y U Ai^y), where = SqXb {B,I3) and 
Si,Y = Si Xb {B,I3). Let fiy : Y —)■ X be the base change of {3. Then 
p splits as a composite p = fiy o fj, where : X ^ E is an etale B- 
morphism. Then ip extends to a 5-morphism of P^-bundles ip : ¥{Ob®F) 
P(C>s©/9*(A)) such that ip ^(>S'o,y) = Sq and ip ^(Ai^y) = Si. Take an affine 
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open covering U = {Ui}i^i of B such that C |[/.= OuiCi for every i ^ I. 
Write Ob = Ob^. Then = Spec where Zi = tije and 

Ai = r(t/j,C>B). Let {ttij} be the transition functions of C with respect to 
U. Then ip \b.: Tr~^{Ui) —)• 7 ry^(t/j) is given by l3*{zi) = Xizf with Aj G A* 
and d := deg-^. Then it is easy to deduce a relation f3*{aji) = 
for i,j e I. This implies that = /3*{C). Since deg/^®”* = ddegC and 
deg/9*(£) = deg/9deg£, we have necessarily d = deg/9. 

Conversely, if we are given /9, C, d as above, we can construct an endo¬ 
morphism (p : X —)■ X as a composite of jJy and " 0 , where is a d-th power 
morphism on the generic hbers. This d-th power morphism is extended to 
a i?-morphism tjj ■. X ^ Y because of the condition Since 

(p = jjy o pJ, deg fly = deg (5 and deg-^ = d, we have deg p = d^. Q.E.D. 

Taking the quotients of X and B in Example 12. 2. 41 with respect to suitable 
involutions, we can construct a new example. More precisely, we have the 
following example (cf. [28]). 

Example 2.2.5 Let n be a positive integer > 1 such that d := (n^ — n)/2 is 
odd. Let C he an elliptic curve which we view as an abelian variety by fixing 
one point as a point of origin. Let C he an invertible sheaf on C such that 
deg£ > 0 and ^ Let M := Let (-l)c : C ^ C be 

the involution p i—)■ —p. Then the following assertions hold: 

(1) n*c(M) = and (-l)^(Wl) ^ M. 

(2) LetY = P(C>( 7 ©W 1 ) —(S'oUS'i), where So (resp. Si) is the cross-section 
corresponding to the projection Oc(BA4 Oc (resp. Oc®AA MJ. 
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Let q : Y ^ C be the canonical projection of Al-bundle. Then there 


exists an etale endomorphism : Y ^ Y such that nc o q = q o 'ip ■ 

(3) Let be an open covering of C such that A4 \l!^= Oui^i for every 

i E I. Then q~^{Ui) = Spec e“^]. Define an involution l :Y ^ 

Y locally by L*{ei) = —Ci fori G /. Then the involution l is well-defined 
and satisfies the conditions (—l)c o q = q o l and o i = i o %p. 

(4) Let B ■= C/{{—T)c) and let X ■.= Y/{t). Then the projection q : Y ^ 
C induces an AUfibration n : X ^ B, where B = and tt has four 
multiple fibers of multiplicity two. Furthermore, the multiplication by 
n endomorphism nc of C induces an endomorphism fi : B ^ B. 

(5) The etale endomorphism : Y ^ Y induces an etale endomorphism 
(p : X —)■ X such that vr o (p = /? o vr. The endomorphism ip is not an 
automorphism. 

Proof. (1) By [39l Corollary 3, page 59], we have for any invertible sheaf 


C 



Since npj{C) = we have 



Hence we have nfi{A4) = and (—1)^A4 = A4. 

(2) See Lemmas 5.3 and 5.4 in [28] . 

(3) Clear by the dehnition. 

(4) The fixed points in C by (—l)c Eire the 2-torsion points, and there are 
fonr of them. The qnotient morphism C ^ B ramifies at these fonr points. 






2.2. GENERALIZED JACOBIAN CONJECTURE 


79 


and B is therefore isomorphic to Ph Since (—l)c o nc = nc o (—l)c, nc 
induces an endomorphism [J ■. B ^ B. 

(5) The involution l \ Y ^ Y has no hxed points by the dehnition. Hence 
the quotient morphism H —)■ X is a hnite etale morphism. This implies that 
the hbers oi q \ Y —)■ C* lying over the four 2-torsion points of C produce 
the four multiple hbers of tt : X ^ H with multiplicity 2. The rest of the 
assertion is now readily ascertained. Q.E.D. 

The following two examples show that there do exist counterexamples to 
GJC in the cases where the logarithmic Kodaira dimension is not necessarily 
zero. 

Example 2.2.6 Let C be a smooth complete curve of genus g and let T = 
Spec C[^, be a one-dimensional algebraic torus. Let Qi and Q 2 be the 
points of T defined by f = 1 and ^ = —1, respectively. Let Pi and P 2 be two 
distinct points of C. Let Y = C xT, let Ci = C x {Qi} and let R = {Pi} x T 
for i = 1,2. Let a : Z ^ Y be the blowing-up of the points {Pi,Qi) and 
{P 2 ,Q 2 ) and let Ei = a~^{{Pi,Qi)) {i = 1,2). Let X = Z - a'R - a'T 2 , 
where a'R is the proper transform ofR by a. Let q : X ^ T be a morphism 
induced by the projection C xT —)■ T. 

Let g : T ^ T be the endomorphism defined by g*{^) = for odd n > 2, 
let X = X Xt (T,g) and let q : X ^ T be the canonical projection. Then 
q has 2n singular fibers Lij = q*{Qij) and L 2 j = q*{Q 2 j) (1 < J < n), 
where Qij and Q 2 j are defined respectively by f and f with 

u being a primitive n-th root of the unity. The fibers Lij and L 2 j have the 
same forms as the fibers Li := q* (Qi) and L 2 := q*{Q 2 ), respectively. Write 
Lij = Mij + Aij and L 2 j = M 2 j J- A 2 j, where = A 2 j = hJ and Mij and 
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M 2 j are considered as open sets of C. Let Xi := X — Then 

the following assertions hold: 

(1) Xi is isomorphic to X and the composite ip of the open immersion 
Xi X and the canonical projection X ^ X is a surjective non- 
finite etale endomorphism of degree n. 

(2) We have k{X) = 1 if g > 0 and k{X) = 0 if g = 0. If g = 0 then 
X = Fq — {Di + D 2 ), where Fq = F^x and Di, D 2 are the curves of 
type (1,1). 

(3) In the case g = 0, X is isomorphic to Spec /c[a;, y, z, z~^]/{xy = z"^ — 1). 
A surjective etale endomorphism p : X := '&peck[xjyj z', z'~^]/{x'y' = 
z'‘^ — 1) —)■ X := Spec k[x, y, z, z~^]/{xy = z"^ — T) is given by 

X = X , y = y [z +z + ■ ■ ■ + z + 1), z = z , 

where n is a positive integer. 

(4) X has an untwisted AUfibration 0 : X —)■ C induced by the projection 
Y ^C. 

Remark. The non-finite etale endomorphism given in the assertion (3) 
above can be generalized to the universal coverings of some classes of affine 
pseudo-planes. Let V{d, r) be tom Dieck’s affine pseudo-plane of type (d, r) 
(cf. Lemma 1.4.18) and let V{d,r) be its universal covering which is dehned 
by x^z + y'^ = 1 in A^. Let X = Spec k[x, y, z, y~^]/{x^z + y'^ = 1). Dehne 
a surjective etale endomorphism p : X = Spec k[x', y', zj y'~^]/{x'^z' + y'^ = 
1 ) —)■ X = Spec k[x,y,z,y~^]/{x'^z + y'^ = T) hy x = xjy = y'^,z = 
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z' +- \- y'^ + 1^. Then ip has degree n, and there are 

'n? — n affine lines missing in the above X for ip to be hnite. 

In Example 12.2.61 the surface X has an untwisted A^-fibration. By taking 
a quotient of the surface X by an involution, we obtain a surface X with a 
twisted Aj;-£bration. 

Example 2.2.7 Take C = in Example \2.2.6l Letr] he an inhomogeneous 
coordinate on C such that p = 0 (resp. oo) at Pi (resp. Poo). Let l :Y ^ Y 
be an involution defined by l*{^) = and i*{ri) = —p. Since L{{Pi,Qi)) = 
{Pi,Qi) for i = 1,2, the involution i lifts to an involution i of X such that 
i ■ ip = ip ■ i. Let X = X/(l) . Then the following assertions hold: 

(1) The surface X is a smooth affine surface with a twisted K\-fibration 

0 : X —)■ which is induced by the untwisted K\-fibration : X —)■ C. 

(2) The etale endomorphism ip : X ^ X descends to an etale endomor¬ 
phism ip : X ^ X of degree n. Furthermore, ip is not finite. 

(3) The surface X is isomorphic to Fq — D with an irreducible curve D, 
where Fq = x and D ~ 2M + i with M and I being the fibers of 
two distinct projections from Fq to P^. The K\-fibration 0 is given by 
restricting the ¥^-fibration p := p|£| onto X. 

(4) If 6 : Fq ^ Fq is a double covering ramifying over A, ^2 which are the 
fibers of p passing through the points of ramifications of p\d ■ D P^. 
Then 9*{D) = Di + D 2 , where Di ^ D 2 ^ M + i and X = Fq — {Di + 
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( 5 ) K{X) = -oo, Pic (X) = Z and r(X, = k*. 


(6) An explicit construction of X,i,X and (p are given as follows: 
X = Spec k[x, y, z, [xy = z^ — T), i 


X = Spec/c[a;, t, — 4), (p 


fO 


X \ 

y 

= 

-yz~^ 

\^ ) 


-- / 

X \ 

/ 

X \ 




ait) 

\ uhit) j 


where g(t), h(t) are polynomials in t such that 


9 {z+ - ] = 

z z'- 


Z2n ^ ^ 


, h{z + -] = 
z 


Z^n-2 ^ . . . + ^ X 

■yU—l 


In the assertion (4), it is straightforward to ascertain the commutativity 

ip ■ L = L ■ <p. Set A = k[x, y, z, z~^]/{xy = z"^ — 1). Let 

, , 1 , 
t = z -\— and u = —. 
z z^ 

Then the t-invariant subring B is generated by three elements x, t, u which 
satisfy a relation x‘^u = U — A. In fact, taking the squares of both sides of 
the relation xy = z'^ — 1, we obtain the said relation in x, t, u. 

As indicated in the above examples, given a pair (X, (p) of a smooth 
surface X and an etale endomorphism (p together with a hnite group action 
G on X which commutes with the endomorphism ip and whose hxed point 
locus is either the empty set or a disjoint union of smooth one-dimensional 
components, we can produce another pair (X, ip) of a smooth surface X and 
an etale endomorphism where X = X/G. Reversing this construction, we 
have the following result: 
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Theorem 2.2.8 Let X he a smooth algehraie variety and let cp : X ^ X 
be a non-finite etale endomorphism. Suppose that TifiX) is a finite group. 
Let q : X ^ X be the universal covering morphism. Then the following 
assertions hold: 

(1) There exists a non-finite etale endomorphism -. X ^ X such that 
go (fi = (p o q. 

(2) There exists a group endomorphism x '■ that 

p>{gu) = g G r-fiX) and u E X. 

(3) Conversely, if there exists a non-finite etale endomorphism : X ^ X 

satisfying the condition that p>{gu) = a group endomor¬ 

phism X : 7 ri(X) ^ 7 ri(X) for g E 7ii{X) and u E X, then there exists 
a non-finite etale endomorphism ip -. X ^ X such that q o ip = ip o q. 

Proof. (1) Let Z = {X,p) Xx {X,q) and let Z = Zi fj ■ ■ ■ fj Zr be the 
decomposition into connected components. Let pi : Zi ^ X and cij : Zj —)■ X 
be respectively the restriction onto Zi of the projections from Z to the hrst 
factor X and the second factor X of the fiber prodnct. Then pi is a hnite 
etale morphism bnt cij is a non-finite etale morphism. In fact, if (Tj is hnite 
then g o (Tj = 9 ? o pj is a hnite morphism. Hence is a hnite morphism as 
well, a contradiction. Since pj : Zj —)■ X is a hnite etale covering and since 
X is the nniversal covering space of X there exists a hnite etale morphism 
Tj : X —)■ Zj snch that q = Pi o Ti. Let p = ai o n. Then q o p = p o q and p 
is a non-hnite etale endomorphism. 

(2) Since q o p{gu) = p o q{gu) = p o q{u) = q o p{u), we have p>{gu) = 
x{g,u)p{u) for any g E ' 7 ri(X) and u E X. Fix an element g E ' 7 ri(X) and 



84 


CHAPTER 2. JACOBIAN CONJECTURE 


move u E X. Then u ^ is a morphism from X to a hnite group 

7 ri(X). Hence is independent of the choice oiu E X. So, we have 

Ip{gu) = x(5')^(w). Then it is easy to show that x is a group endomorphism. 

Q.E.D. 

This result inspires us to think of the following: 

Conjecture. Let X be a smooth algebraic variety and let q \ U ^ X be 
the universal covering, where U is not necessarily an algebraic variety. Then 
X has a non-finite etale endomorphism if and only if U has a non-finite 
unramified endomorphism. 

Theorem 2.1.8 implies that some of the counterexamples already treated 
above have etale, non-hnite endomorphisms. 

Theorem 2.2.9 Let X be either the universal covering o/ — C in Ex¬ 
ample 12.2.21 or T — To in Example \2.2.3[ Then X has an etale, non-finite 
endomorphism. 

In Theorem 12.2.91 the universal covering X is not rational as X is the 
complement of a smooth K3-surface. Nevertheless, the following example 
shows that there exists a simply connected, smooth, affine surface X which 
has an etale non-finite endomorphism. 

Example 2.2.10 Let Vq = P^ x Ph Let Mq be a cross-section and let 
f'o, ^ 1,^00 be distinct three fibers with respect to the second projection 7i2 ■ 
P^ X P^ —)■ Ph Let ip -. V ^ Vq be a sequence of blowing-ups with cen¬ 
ters at io n Mo,ii n Mo and their infinitely near points such that p*{io) = 
fo + Ei + 2 E 2 + 2Eo and + Fi + 2 F 2 + 2Fo, where (£' 0 ') = = 
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(Ei^) = (F,2) = -2 for i = 1, 2 and (Eg") = (Fg^) = -1. Let 

X :=V-{i^ + M!, + i'o + i[ + E[ + F[ + F' + F'). 

Hence X has an A^-fibration p : X ^ B with two multiple fibers 2 F 3 fl 
X, 2 F 3 A X of multiplicity 2. Then X has a degree two, non-finite etale 
endomorphism. 

Proof. Let a ; F' —)■ F be a degree two covering ramifying over the point 
at infinity poo and po, where po = p{.E^ H X). Let X be the normalization of 
X Xb F', let r : X —)■ X be the composite of the normalization morphism 
and the first projection X x^F' —)■ X and let p : X —)■ F' be the A^-fibration 
induced naturally by p. Then p*{qo) is a disjoint sum Gi + G 2 of two affine 
lines and r : X —)■ X is a finite etale morphism, where go is a point of B' 
lying over po- Then X — Gi = X — G 2 = X, and r | x-Gi I X-G 2 

a non-finite etale endomorphism of X. Q.E.D. 


2.3 Affirmative results 

Most results ever known in the affirmative are in the surface case. So we 
restrict ourselves to the surface case. 

Lemma 2.3.1 Let X be a smooth affine surface with F(X) = — 00 . Suppose 
that one of the following conditions is satisfied: 

(1) X is irrational but not elliptic ruled. 

(2) r(X, Ox)* k*, and rank (r(X, Ox)*/k*) >2 if X is rational. 
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Then any etale endomorphism (p : X ^ X is an automorphism. 

Proof. Case (1) Since T{x) = —oo, there exists an A^-fibration p : 
X —)■ C, where C is a smooth curve of positive genus and C = p{X). Let 
(p : X —)• X be an etale endomorphism. Then there exists an endomorphism 
(3 ■. C ^ C such that p ■ ip = (3 ■ p. Since the genus of C is greater than 1 
by the hypothesis, it follows from the Riemann-Hurwitz formula that (3 is an 
automorphism. Since (3 is of hnite order, we may assume after replacing ip by 
its suitable iteration that (3 is the identity. Hence p = pop. Now consider the 
generic hber Xx of p with the function held K of C. The endomorphism p 
induces an etale endomorphism px '■ Xx —>■ Xx- Since Xx is isomorphic to 
px is an automorphism. This implies that (p is a birational morphism. 
Hence it is injective by Zariski’s main theorem. So, p is an automorphism 
by Ax’s theorem 0171. 

Case ( 2 ) Let A = T{X,Ox)- Since k{X) = —oo, X contains a cylinder- 
like open set Co x A^ = Spec B[x], where Uq = Spec B is an affine normal 
curve. We have A G B[x] and A* C B*. Let Rq be the fc-subalgebra of A 
generated by all elements of A*. Since rank < 00 ^, the algebra Rq is 

hnitely generated over k. Let R be the normalization of Rq in A. We have 
RGB. Let C = Spec R and let p : X —)■ C C C be the morphism induced 
by the injection R G A, where C = p{X). Since R* D A* ^ k*, it follows 
that k{C) > 0. Let A be a general hber of p. By Kawamata’s addition 

^Consider a compactification V of X such that V — X has pure codimension one. Write 
V — X = X]i=i T / € A*, then the divisor (/) is supported by the components Di 
and (/) = {g) if and only if g = cf for some c G k*. Hence A* jk* is embedded into a free 
abelian group generated by the Di. Hence A* jk* is also a finitely generated free abelian 


group. 
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theorem, we know that F{F) = —oo. Namely, F = Ah Hence p is an AH 
hbration. Let (^ : X —)■ X be an etale endomorphism. Since C is irrational 
or C* is a rational curve with at least three places at inhnity, p induces an 
endomorphism f3 such that p ■ p = /3 ■ p. In fact, (3 is an automorphism by 
the Riemann-Hurwitz theorem. The rest of the proof is the same as in the 
case (1). Q.E.D. 

Let X be a smooth affine surface with an AHhbration p : X ^ C. A 
singular hber S is, by dehnition, a hber which is not isomorphic to A^ as a 
scheme. Let S' be a singular hber. Then, by [331 Lemma 4], S' is written as 
S' = T + A, where 

(1) T = 0, T = aVI with a > 1 and Ti = Aj;, or T = OiTi + a 2 l' 2 , where 
ai > 1 ,Q !2 A l,ri = r 2 = A^ and Ti and r 2 meet each other in one 
point transversally. 

(2) A > 0 and Supp A is a disjoint union of curves isomorphic to A^. 

When an etale endomorphism (p : X —)• X is given, we write it a : Xi —)• 
X 2 to distinguish the source X from the target X. 

Lemma 2.3.2 Let p \ X ^ C he an untwisted Al-fibration and let ip : X ^ 
X be an etale endomorphism such that p-p = p and codim x(X — (^(X)) > 2. 
Let z/ : X —)■ X he the normalization of X 2 in the function field of Xi. Then 
we have: 

(1) There exists an open immersion l : X ^ X such that p = v ■ i. 

(2) u -. X ^ X is an etale Galois covering of X with a cyclic group G of 
order n as the Galois group, where n = deg(^. 
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(3) Let S' = r + A be a singular fiber of p. Then p is finite over F, i.e., 
99 *(r) is G-invariant, and p is totally decomposable over A, i.e., the 
stabilizer group of each connected component of A is trivial. 

Proof. Our proof consists of several steps. 

(1) Let K be the function field of C and let Xk be the generic fiber of 

p. Then Xk = Spec iF[a;, and p induces an etale iF-endomorphism 
Pk '■ Xi^K —t X 2 ^k- Clearly, px is given by a iF-algebra endomorphism 
9k ■ X i-P- of where a E K and n = deg^?. Let G be the 

group of n-th roots of the unity in C, which is a cyclic group of order n. The 
group G acts on Ai x by {x, () e-)■ x(, where ( E G, and X 2 ^k is clearly the 
quotient variety Xi^k/G. The G-action on Xi^k is extended to an action on 
the normalization X and Xi is embedded into X as an open set. Note that 
X is G-equivariant. 

(2) Let P be a closed point of G such that the fiber F := p*{P) is a smooth 

fiber. Let O := Oc,p and let Xo := X Xq Spec O. Then we can choose the 
element x above so that Xq = SpecCi[a;, x~^] and the induced endomorphism 
po ■ Xo -E Xq is given by an G-endomorphism x e-)■ where a E O* . 

So the G-action extends over Xq and Xi^q/G = X2^o- In this case, we have 
Xq = Xq, where Xq = X Xq Spec O. 

(3) Now let S := p*{P) be a singular fiber and write S' = F + A as 
above. Since there are no non-constant morphisms from to and since 
codim x{X — p{X)) > 2 by the hypothesis, it follows that 99 *(F) = F and 
p{A) = A as cycles. In particular, p is surjective. We claim that if F 7 ^ 0 
then F is G-invariant. In fact, take a nonsingular completion p : P —)■ P 
as follows. Let p : A —)■ A be a G-equivariant resolution of singularities 
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of X such that Xi is an open set of X and that X — Xi is a divisor with 
simple normal crossings. Then X has an Aj;-£bration p ■ p : X —)■ C*. We 
can find a G-equivariant smooth completion p : V ^ B of this A^hbration 
such that V is G-equivalent, V — X is a divisor with simple normal crossings, 
S is a smooth complete curve containing C as an open set and p\x = P ' F- 
The G-equivariant completion is possible by Sumihiro’s theorem |19]. Let 
S = p*{P), where P = p{S). Then S fl Xi = S' and S is G-invariant. If 
T were not G-invariant then the translation g*r of T by some element g of 
G would be a divisor disjoint from T and S would therefore contain a loop. 
This is impossible. So, T is G-invariant. Now suppose A 7 ^ 0, and let Ai 
be an irreducible component of A. Since Ai and (p(Ai) are isomorphic to 
A^ and since <pAi : Ai —)■ <p(Ai) is an etale morphism, it is an isomorphism. 
Note that G acts transitively on the components of u~^{ip{Ai)) and that the 
isotropy group of Ai is trivial by the previous remark. Hence p(Ai) 7 ^ Ai 
for any non-unit element p of G and z/ : X —)• X is etale above the singular 
fiber S. So, z/ : X —)■ X is a finite etale morphism. Q.E.D. 

We can obtain some noteworthy consequences from Lemma 12.3.21 We 
need one preparatory result. 

Lemma 2.3.3 Let 71 : Y ^ X be an etale finite Galois covering of a smooth 
algebraic variety X with a cyclic group G of order n as the Galois group. 
Then there exists an invertible Ox-"module C such that A®"" = Ox and X = 
Spec (0"ro^ A®*). Furthermore, we have 7r*(£) = Oy- 

Proof. Since the assertion is of local nature we may assume that X is affine. 
So, let X = Spec A and let Y = Spec B, where we view A as a subalgebra 
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of B. It is well-known that G is written as a group scheme in the following 
form: 


G = Spec C[f] with C = 1 , /i(t) = t 
e(t) = 1 and rfit) = 

where n, e and rj are respectively the comultiplication, the augmentation 
and the coinverse. The action of G on X is given in terms of the following 
coaction: 


n—1 


A:B^B[t], A{b) = Mby. 

i=0 

The property that A is a coaction is equivalent to the following properties: 


(1) The mapping Aj dehned by 6 i—)■ Ai{b) is a C-endomorphism of B. 

( 2 ) AiAj = SijAj, where 5ij = 1 il i = j and 0 if f 7 ^ j, and Aj = 1 . 

(3) Ai{bi)Aj{b 2 ) G Ai^j{B) for 61,62 G B, where we replace i+ j by an 

integer i with 0 < £ < n and i = i + j (mod n) if i + j > n. 

Set Bi = Ai{B) for 0 < i < n. Then Bi is an A-module and Bq = A, which 

is the G-invariant subalgebra of B. In view of the above properties, we have 
B = — ^i+j- Now the property that tt is etale implies 

that Bi is a projective A-module of rank 1, B^ = Bf^ {1 < i < n) and 
B®n ^ Conversely, if Bi is a projective A-module of rank 1 such that 
B®n ^ ^ then B := is given an etale A-algebra structure if an 

isomorphism 9 : Bf^ ^ A is assigned. The group G acts on B as follows: 
(Z]r=o^ = Sr=o^ biC if bi G Bf^ and C is a primitive n-th root of unity. 

Clearly, 7r*C = Oy because BiB = B. 
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Theorem 2.3.4 Let X be a smooth affine surface with an h\-fibration p : 
X ^ C. Assume that Pic X = (0) and T{X,Ox)* = C*. Then any etale 
endomorphism p ■. X ^ X is an automorphism provided p o p = p. 

Proof. Since Pic (X) = (0) and T{X,Ox)* = C*, it follows that the AP 
hbration p is untwisted and codim x{X — p{X)) > 2^^. Let X be the 
normalization of X 2 in the function held of Xi. By Lemma [2.3.21 the nor¬ 
malization morphism z/ : X —)■ X is an etale hnite Galois covering with a 
cyclic group of order n as the Galois group. By Lemma [2.3.31 there exists an 
invertible sheaf C such that A®"- = Ox and X = Spec (0^=0^ A®*). Since 
Pic X = (0) the invertible sheaf C is trivial. Then X is a disjoint union of 
n-copies of X. Since X is an dense open set of X, we know that n = 1. 
Hence p is an automorphism. Q.E.D. 

In order to look more closely into the case of a smooth affine surface with 
an APhbration, we say that a singular hber S = P -|- A is of the simple 
type (resp. non-simple type) if P = aPi with Pi = Aj; and A = 0 (resp. 
otherwise). Let p : X —)■ G be an untwisted APhbration and let : X —)■ X 
be an etale endomorphism. We need the following result. 

Lemma 2.3.5 Let X and p be the same as above. Suppose that A(X) = 1. 

^Let X be a smooth affine surface with a twisted Aj-fibration p : X ^ C. Since there is 
only a 2-section H in the boundary at infinity of X which is transverse to the P^-fibration 
extending p, Pic (X) modulo the subgroup generated by all fiber components of p has a 

nonzero 2-torsion element, and Pic (X) is not zero. 

^Suppose that there is a curve A on X such that A fl ip{X) = 0. Since Pic (X) = (0), 

there is an element a of r(X, Ox) such that A = V{a). Then the element y*(a) is invertible 
on the upper X, which is impossible because r(Ar, Ox)* = C*. 
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Then the following assertions hold: 

(1) The endomorphism ip preserves the K\-fibration p, i.e., there exists an 
endomorphism [d \ C ^ C such that jd ■ p = p ■ ip holds. 

(2) ip sends a singular fiber of non-simple type to a singular fiber of non¬ 
simple type. 

(3) After replacing ip by its iteration, we may view the endomorphism jd as 
the identity morphism in one of the following cases: 

(i) k{C) = 1. 

(ii) k(C') = 0 and there exists a singular fiber in the fibration p. 

Proof. The assertion follows from [20]. In order to prove the assertion (2), 
note that there is no non-constant morphism from to A];. Hence it follows 
that ip sends any singnlar hber of non-simple type to a hber of non-simple 
type. Snppose that there exists a singnlar hber of non-simple type. Let T be 
the set of points P of C snch that p*{P) is a hber of non-simple type. Then 
it is easy to see that there exists a nonempty snbset Ti of T snch that /d 
indnces an antomorphism on Ti. Hence replacing ip by its iteration, we may 
assnme that (d induces the identity automorphism on the subset Ti. Suppose 
that there are only singular hbers of simple type. Then the same argument 
works in this case as well because ip sends a multiple hber to a multiple hber. 

Consider the assertion (3). If P(C) = 1 then C is a log curve of general 
type. Hence fd is an automorphism. Furthermore, fd is of hnite order. Suppose 
A(C) = 0 and there exists a singular hber of non-simple type. By the above 
observation, there exists a point P G C such that p*{P) is a singular hber 
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of non-simple type and /3{P) = P. Then ip induces an endomorphism of 
C — {-P}. Since k(C — {-P}) = 1 we are done by the case F{C) = 1. If there 
are only singular fibers of simple type, we are done by the above remark. 

Q.E.D. 

With the setting before Lemma 12.3.51 we consider the case where C is a 
rational curve. Suppose further that rank Pic (X) = 0 and r(X, Ox)* = C*. 
Then we can specify the structure of the ALhbration p : X ^ C. 

Lemma 2.3.6 Under the above assumptions the following assertions hold: 

(1) C is isomorphic to or A^. 

(2) // C = P^ then every fiber of p is irreducible. Hence every fiber is 
isomorphic to Aj; or A^ if taken with the reduced structure. 

(3) // C = A^ then every fiber of p except for only one fiber S is irre¬ 
ducible and isomorphic to either A^ or A^ if taken with the reduced 
structure. The unique reducible fiber S consists of two irreducible com¬ 
ponents Fq, Fi such that either T = Fq Fi or T = Fq and A = Fi. 

Proof. ( 1 ) Since C is rational by the hypothesis and since r(X, Ox)* = C*, 
we have C = oi C = Ah 

(2) The dimension counting of Pic (X)q by making use of the ALhbration 
proves the assertions (2) and (3). See [36]. Q.E.D. 

Lemma 2.3.7 With the same assumptions as in Lemma \2.3.(k suppose fur¬ 
ther that C is isomorphic to P^. Let miPi,...,m^Ps,m^+iAs+i,..., 
mg+tAs^t exhaust all singular fibers of p, where Pi = Aj: (1 < i < s) and 
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Aj = {s + l<j<s + t). We set r = s + t. Let ip be an etale endomor¬ 
phism of X such that p ■ ip = {3 ■ p for an endomorphism /3 of C. Suppose 
r > 3. Then (3 is an automorphism except when the multiplicity sequence is 
one of the following: 

{mi,..., = (2, 2, 2, 2}, {2, 3, 6}, (2,4,4}, (3, 3, 3} 

Proof. The proof is the same as in |28]. Q.E.D. 

Let Pi = p{Ti) and Qj = p{Xj) with the above notations. If [3 is an auto¬ 
morphism, then (3 induces a permutation on the hnite set {Pi, ... ,Ps, Qs+i, 

... ,Qr}. Hence, by replacing p by its suitable iteration, we may assume that 
/3 is the identity morphism. Namely, we have p ■ p = p. Then Lemma 12.3.21 
yields the following result. 

Theorem 2.3.8 Let X be a smooth affine surface with an h\-fibration p : 
X —>■ P^. Suppose thaCK^X) = l,Pic(X) = 0 andV{X^Ox)* = C*. Suppose 
further that there are at least three singular fibers and that the multiplicity 
sequence of the singular fibers of p is none of the following: 

{mi,..., mj = {2, 2, 2, 2}, {2, 3, 6 }, {2,4,4}, {3, 3, 3} 

Then any etale endomorphism of X is an automorphism. 

Proof. Since A(X) = 1, an etale endomorphism p oi X preserves the AL 
hbration p. Namely there exists an endomorphism f3 of the base curve P^ 
such that p ■ p = (3 ■ p. Then f3 is an automorphism by Lemma 12.3.71 After 
replacing p by its iteration, we may assume that (3 is the identity morphism. 
The rest of the proof is the same as in Theorem 12.3.41 Q.E.D. 
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We consider the case of affine snrfaces with A^-hbrations. In [19] , the gen¬ 
eralized Jacobian conjectnre for Q-homology planes is considered. It is shown 
that any etale endomorphism of a Q-homology plane X is an antomorphism 
if one of the following conditions is satished: 

(1) k{X) = 2 or 1. 

(2) k{X) = —oo and X has an A^-£bration p : X ^ B with at least two 
mnltiple fibers. 

The second case above has one case slipping off. Namely, the surface X in 
Example 12.2.lUI is a Q-homology plane with an A^-£bration which has two 
multiple fibers of multiplicity 2. It is a counterexample to the generalized 
Jacobian conjecture. We shall here consider the case (2) above. We recall 
the following two lemmas (cf. [THl Lemma 6.1] and [IHl ESI Lemma 3.1]). 

Lemma 2.3.9 Let p : X ^ B be an PR-fibration on a Q-homology plane. 
Suppose that p has at least two singular fibers. Let g : ^ X be a non¬ 

constant morphism. Then the image of g is a fiber of p. 

Proof. In fact, note that the base curve B is isomorphic to A^ (cf. [SSI 
Lemma 2.5]). Then the assertion follows from Lemma [1.4.161 Q.E.D. 

Lemma 2.3.10 For i = 1,2, let pi : Xi ^ Bi be A^-fibrations on Q- 
homology planes. Let (p : Xi —)■ X 2 and fi : Bi ^ B 2 be dominant morphisms 
such that P 2 • 9? = /d • Pi ■ Let mV be an irreducible fiber of p 2 lying over a 
point P G i ?2 with m > 1 and V reduced, and let Q E Bi be a point such that 
fi{Q) = P. Suppose p\{Q) = f'A, where A is reduced and irreducible and i 
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is its multiplicity. Suppose furthermore that ip is an Male morphism. If the 
ramification index of (d at Q is e then le = m. In particular, if m = 1 then 
i = e = l. 

Applying these lemmas, we shall show the following result. 

Lemma 2.3.11 Let X be a Q-homology plane with an A^-fibration p : X ^ 
B. Let miAi ,..., mnAn exhaust all multiple fibers of p. Let p ■. X ^ X be 
an etale endomorphism. Then the following assertions hold: 

(1) If n >2, then there exists an endomorphism (3 of B such that p ■ p = 
ft-p. 

(2) The above endomorphism (3 is an automorphism provided n > 3 or 
n = 2 and {mi, m 2 } 7 ^ { 2 , 2 }. 

Proof. The hrst assertion is an immediate consequence of Lemma r2.3.9l So, 
we consider the second assertion. We employ the arguments in [28l Lemmas 
3.1 and 3.3]. Note that (3 : B ^ B is & hnite morphism because B is the 
affine line. By Lemma [2.3.101 the set {Pi,..., P„} is mapped to itself by (3, 
where P* = p(Aj). Suppose, furthermore, that the points Qi,... ,Qs, none 
of which belongs to (Pi,..., P„}, are mapped to {Ppi, ■ ■ ■, Pn}- Then, by 
Lemma [2.3.101 the ramihcation index of [3 at Qj, say Cj, is larger than 1. In 
fact, if (3{Qj) = Pi then Cj = mi. 

Since /3 induces an etale hnite morphism 

(3 : B — {Pi,..., Pn, Qi,..., Qs} —> B — {Pi,..., Pn}, 
the comparison of the Euler numbers gives rise to an equality 


1 — (n + s) = d{l — n). 


(1) 
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where d = deg /3. On the other hand, by summing up the ramification indices, 
we have an inequality 

2s + n < dn. (2) 

So, by combining ( 1 ) and ( 2 ) together, we have an inequality 

2{d-l){n-l) = 2s < {d-l)n. (3) 

Suppose d > 1. Then n < 2. Hence, if n > 3 then d = 1 and (3 is an 
automorphism. Suppose that d > 1 and n = 2. Then the equality occurs 
in (3), and hence the equality occurs in (2). Namely, the ramification index 
ej at Qj is two for all j, and s = d — 1. Since d > 1 implies s > 0, we 
may assume that Qi is mapped to Pi. Then mi = 2. Suppose d > 3. Then 
2s = 2{d — 1) > d. Hence one of the Qj is mapped to P 2 ,..., Pn, say P 2 . 
Hence m 2 = 2. In this case, after a suitable change of indices, one of the 
following two cases is possible: 

( 1 ) s = S 1 + S 2 = d-1, and Qi,.. (or P 2 ) (resp. Q^i+i, ...,Qs,P 2 

(or Pi) are mapped to Pi (resp. P 2 ). 

( 2 ) s = S 1 +S 2 , d = 2si = 2 s 2 + 2 , and Qi,..., (resp. Qs^+i, Pi, P 2 ) 

are mapped to Pi (resp. P 2 ). 

Finally, suppose that d = n = 2 and s = 1. Then we may assume that 
/3{Qi) = Pi and (3{Pi) = (3{P2) = P 2 - Then m 2 = 2 as well by Lemma 
12.3.101 So, if {mi, m 2 } 7 ^ { 2 , 2 }, then <7=1 and [3 is an automorphism. 

Q.E.D. 

As a consequence of Lemma 12.3.111 we can prove the following result. 


which rectifies Theorem 6.1 in [T9] . 
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Theorem 2.3.12 Let X be a Q-homology plane with an A^-fibration p : 
X ^ B. Let miAi,..., uinAn exhaust all multiple fibers of p. Suppose that 
either n >3 orn = 2 and {mi, m 2 } 7 ^ { 2 , 2 }. Then any Stale endomorphism 
ip : X ^ X is an automorphism. 


Proof. By Lemma 12.3.111 there exists an automorphism fi oi B such that 
p-ip = (3-p. Since fi is an automorphism, Lemma ESTO] implies that fi induces 
a permutation of the hnite set {Pi,..., Pn}. By replacing fi by its suitable 
iteration fi'", we may assume that fi induces the identity on {Pi,...,P„}. 
Since n > 2 and fi ( or rather an induced automorphism of the smooth 
compactihcation P of P) hxes the point at inhnity Poo- Hence [3 is then the 
identity automorphism. 

Let K = k{B) be the function held of P and let Xk be the generic hber 
of p. Then Xx is isomorphic to the affine line over K, and ip induces an etale 
endomorphism ipx of Xx- Since ipx is then hnite, ipx is an automorphism. 
Hence ip is birational. Then Zariski’s Main Theorem implies that ip is an 
open immersion. Note that Pic (X)q = 0 and V{Ox)* = C*. Suppose that 
X 7 ^ t{X). Then X — ip{X) has pure codimension one. Since Pic (X)q = 0, 
there exists a regular function h on X such that the zero locus (h)o of h is 
supported by X — ip{X). Then ip*{h) is a non-constant invertible function on 
X, which contradicts the property T{Ox)* = C*. So, ip is an automorphism. 

Q.E.D. 
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2.4 Normalization by etale endomorphisms 

Given an etale endomorphism ip : Xi ^ X 2 with Xi = X 2 = X, consider the 
normalization u : X 2 —)■ X 2 of X 2 in the function held of Xi. If X is normal, 
Xi is a Zariski open set of X 2 with an open immersion l : Xi ^ X 2 such 
that ip = u o i. We are interested in the complement X 2 — Xi. First of all, 
we shall generalize Lemma [2.3.2I 

Lemma 2.4.1 Let X and Y be smooth affine surfaces with Alffibrations 
px '■ X ^ C and py ■ Y ^ C, where C is a smooth algebraic curve. Let 
p : Y ^ X be an etale morphism such that py = px ° T codim x{X — 
t(X)) ^ 2. Let z/ : Z —)■ X be the normalization of X in the function field of 
Y. Then the following assertions hold: 

(1) Z is a smooth affine surface containing Y as a Zariski open set. 

(2) The normalization morphism u : Z ^ X is an etale Galois covering 
with a cyclic group G of order n as the Galois group, where n := deg(p. 

(3) Let S' = r + A be a singular fiber of px, where V is 0 or isomorphic to 

or U A^ with two A^ ’s meeting in one point transversally and A 
is a disjoint union of the affine lines. // F 7 ^ 0 then p is finite over F, 
i.e., 95 * (F) is G-invariant, and p is totally decomposable over A, i.e., 
the stabilizer group of each connected component of A is trivial. 

Proof. If the ALhbrations px and py are both untwisted, the proof is ex¬ 
actly the same as for Lemma 12.3.21 Let K be the function held of C and 
let Xk,Yk be the generic hbers of pXiPv, respectively. Let Xk,Yk be the 
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smooth completions of Xk,Yk, respectively. Then and are isomor¬ 
phic to the projective line dehned over K, and px (resp. py) is untwisted or 
twisted according as Xk (resp. Yk) consists of two i^-rational points or one 
non i^-rational point. Since p induces a hnite i^-morphism : Yk ^ Xk, 
Px is untwisted if so is py. 

Consider the case where py is twisted. Then there exists a double covering 
C ^ C such that py/ \Y'^C' is an untwisted Aj;-fibration, where Y' is 
the normalization of the fiber product Y Xq C and py/ is a composite of 
the normalization morphism Y' ^ Y Xq C and the projection Y Xq C ^ 
C. Considering all possible singular hbers of py, we can show that Y' is 
a smooth affine surface. Similarly, we consider the normalization X' of the 
fiber product X XcC and the induced Aj:-£bration px' '■ X' —)■ C. The etale 
morphism p : Y ^ X induces an etale morphism p' : Y' ^ X' such that 
Py' = Px' o p'■ Furthermore, degp' = degp and codim — p'iX')) > 2. 
Let Z' be the normalization of X' in the function held of Y'. It is readily 
verihed that Z' is the normalization of the hber product oi Z Xc C. More 
precisely, Z' has an involution i \ Z' ^ Z' induced by the involution of the 
double covering C C, and Z is the quotient variety with respect to L As 
shown in the untwisted case, Z' is smooth and the normalization morphism 
A ; Z' —)■ X' is an etale Galois covering with a cyclic group G of order n 
as the Galois group, where n = degp'. Since the involution i commutes 
with the Galois group action, the assertions for p ■. Y ^ X follow from the 
corresponding assertions for p' -.Y' ^ X'. Q.E.D. 

Let p : X —)■ G be an ALhbration on a smooth affine surface X. Let S = 
T -|- A be a singular hber of p. We call S a singular hber of the first kind {of 
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the second kind , of the third kind, respectively) if Fred — (Fred — U A^, 
Tred = 0 , respectively). 


Corollary 2.4.2 With the same notations and assumptions as in Lemma 


2 . 4 . 1 . let ip : Y ^ X be an Stale endomorphism satisfying pY = px ° T- 


Then ip is an isomorphism if px has a singular fiber of the second kind. 


Proof. Suppose that px has a singular fiber of the second kind S' = F + A. 
Write F = aiFi + 02^2 with Fi = F 2 = A}. Then Fi and F 2 meet each 
other in a single point P transversally. Since 95 * (F) is G-invariant, the fiber 
T := pf}{px{S)) is a singular hber of the second kind, and F' = biGi + 62 G 2 
with Gi = G 2 = A^ and Gi, G 2 meeting in a single point Q transversally if we 
write T = F' + A'. Furthermore, the group G acts on Gi U G 2 freely because 
the morphism (p induces an etale hnite morphism from Gi UG 2 onto F 1 OF 2 . 
Nevertheless, it is clear that the point Q is hxed under the G-action. This 
implies that the order n of G equals one. Since n = deg (p, it follows that p 
is a birational morphism. Then Z is isomorphic to X. Hence p -.Y —)■ A is 
an open immersion. Meanwhile, since X and Y are affine, the complement 
Z — H is of pure codimension one. Since codim x(A — p{Y)) > 2, it follows 
that p is an isomorphism. Q.E.D. 


Lemma 2.4.3 Let X be a smooth affine surface with k{X) = 1 and let 
p : X ^ X be an Stale endomorphism, which we write p ■. Xi ^ X 2 . Let 
u : X 2 ^ X 2 be the normalization of X 2 in the function field of Xi. Then 
the following assertions hold: 

( 1 ) X 2 is a smooth affine surface with F{X 2 ) = 1 and Xi is an open set 
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of X 2 ■ Furthermore, i/ : X 2 ^ X 2 is an etale Galois covering with a 
cyclic group G of order n := deg v? as the Galois group. 

( 2 ) The Al-fibration pi : Xi —)■ Ci extends to an AUfibration pi : X 2 ^ Ci 
such that 13 o Pi = p 2 o n, where f3 : Ci ^ C 2 is an automorphism. 

(3) X 2 —X 1 is a disjoint union of irreducible curves isomorphic to the affine 
line. The number N of irreducible components of X 2 — Xi is zero or 
given by the following formula: 

r 

^ 

i=l 

where r is the number of singular fibers of p 2 (and hence of pi) and 
di (resp. d'J is the number of irreducible components in P 2 {Pi) (resp. 
pfi(3~^{Pi))) isomorphic to A^ with {Pi,..., Pfij exhausting all points 
of C 2 such that P 2 {Pi) is a singular fiber. 

Proof. Consider smooth completions Xi ^ Vi and X 2 ^ V 2 such that 
Di ■.= Vi — Xi and D 2 := V 2 — X 2 are divisors with simple normal crossings 
and that the endomorphism p extends to a morphism 'll ; Id —)■ V 2 . By the 
logarithmic ramihcation formula, we have, for every m > 0, 

\m{Di + Kvfil = \m'T*{D 2 + + mR<i, 

with an effective divisor Rq,. Let $1 := ^\m{Di+KvP\ ^2 ■= ^\miD 2 +Kv 2 )\ 
be the morphisms deffned by the respective linear systems. Since k{X) = 1, 
$1 and $2 define respectively the A{-fibrations pi : Xi —)■ Ci and p 2 : X 2 —)■ 
C 2 provided m 3> 0, where Ci and C 2 are isomorphic to one and the same 
smooth curve C. Furthermore there exists an automorphism [3 \ Ci ^ C 2 
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such that 13 o Pi = p2 o yp. Now take Y and X in Lemma 3.1 to be Xi and 
(Cl, ( 3 ) X 02X2- We denote by the same symbol Lp the induced etale morphism 
Xi — )■ {Cl, ( 3 ) Xc2 X2. Then Z is isomorphic to X2. The assertions (1) and 
(2) then follow from Lemma 12.4.11 and its proof. 

Let S' = T + A be a singular hber of p 2 lying over a point P G C 2 . Then 
PiiQ) = + C(A) is a singular hber of pi such that C{T) = </9*(r) 

is G-invariant and C{A) is totally decomposable, where (3{Q) = P. If we 
write p*i{Q) = T' + A' then T' = i^*(r) and C(A) is the G-translate of 
A'. Hence we conclude by a hberwise argument that A 2 — Ai consists of 
connected components each of which is isomorphic to A^. Now, by the above 
argument, we have N = Yl\^i{ndi — d'). Q.E.D. 

Apart from the generalized Jacobian conjecture, we shall make the fol¬ 
lowing remark (cf. |32jL 

Lemma 2.4.4 Let X be a normal affine surface with an hf-fibration p : 
A —>■ C. Let S be a singular fiber, i.e., a fiber which is scheme-theoretically 
not isomorphic to Aj;. Then S is written as S = T A, where 

(1) T = 0, T is an irreducible curve with possibly one cyclic quotient singu¬ 
larity and the normalization ofT is isomorphic to orV = Ci + C 2 
with the normalizations Ci, C 2 being isomorphic to A^ and Ci, C 2 meet¬ 
ing in one point which might be a cyclic quotient singular point of X; 

( 2 ) A = 0 or A = Di with the normalization of Di being isomorphic to 
Ai; 

(3) A connected component Di of A might have at most one singular point 
which is a cyclic quotient singularity. 
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(4) X has at worst cyclic quotient singularities. 

Proof. Let tt : X —)■ X be a resolution of singularity. Then p := poTr : X ^ 
C is an ALfibration. Furthermore, X has a smooth completion X W such 
that W — X is a divisor of simple normal crossings and the ALhbration p 
extends to a PLhbration p : hF ^ C, where C is a smooth completion of C. 
Then S := p~^{p{S)) is a degenerate hber of p. We may assume that S — S 
does not contain (—1) components. Let T be a maximal connected union of 
irreducible components of S' — S' such that T fl {W — (X U S') = 0. Since X 
is affine, T meets at least one irreducible component of S'. If T meets one 
irreducible component of the proper transform of S', then the dual graph of T 
is a linear chain and T contracts to a cyclic quotient singular point. In fact, if 
the dual graph of T has a branching point then the successive contractions of 
(—1) curves in S' will produce either three components meeting in one point 
or two components meeting in the same point of a cross-section (or a double 
point of 2-section). This is a contradiction. A similar argument shows that if 
T meets two irreducible components of S' then T again contracts to a cyclic 
quotient singular point. Since p is an A):-£bration, T cannot meet three or 
more irreducible components of S'. These considerations imply the stated 
assertions. Q.E.D. 


2.5 Affine pseudo-coverings 

Let X be a smooth affine variety and let / : X —)■ X be a morphism of 
algebraic varieties. We say that / is almost surjective if codimx(X —/(X)) > 
2 and that X is an ajfine pseudo-covering of X if X is affine, / is etale and 
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almost surjective. Note that an affine pseudo-covering is not necessarily 
an ordinary finite covering. If the field extension k{Y)/k{X) is a Galois 
extension, the affine pseudo-covering is called Galois . We are interested in 
determining all affine pseudo-coverings of the affine plane. We recall some 
known results [35] . 

Lemma 2.5.1 Let f : Y ^ X be an etale morphism of smooth affine vari¬ 
eties. Suppose that Pic (X) = 0 and T{Y,Oy)* = C*. Then Y is an affine 
pseudo-covering of X. 

Proof. It suffices to show that / is almost surjective. Let A (resp. B) be 
the coordinate ring of X (resp. Y). Since / is a dominant morphism, we 
may and shall identify A with a subalgebra of B via f*. Then A is factorial 
and B* = k* by the hypothesis. Let Z be an irreducible subvariety of X of 
codimension one. Since A is factorial, Z is defined by an element a E A. Let 
p = aA be the defining ideal of Z. Since B* = k*, the ideal aB is not equal 
to B. Let 

aB = qi n ■ ■ ■ n 

be the primary decomposition of the ideal aB. Since B is normal, each 
primary ideal (\i {I < i < r) has height one. Let Vi be the subvariety in 
Y defined by the radical := ^/^i. Let Wi be the subvariety defined by a 
prime ideal ^i Pi A. Note that Wi F Z because p C n A. It suffices to 
show that Wi = Z for every 1 < i < r. Suppose to the contrary that Wi is a 
proper subvariety of Z. Then /|y. : ^ W is a dominant morphism with 

dimVi > dimITj. Hence a general fiber of /|y. has positive dimension. This 
is, however, impossible because / is etale. Q.E.D. 
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This lemma implies that if X is a smooth affine variety with Pic (X) = 0 
and r{X,Ox)* = C*, then an etale endomorphism (p : X —)■ X is almost 
snrjective. This is, in particnlar, the case for X = A”. Let f : Y ^ X be 
a Galois affine psendo-covering of smooth affine varieties with Galois gronp 
G := Gal(C(X)/C(X)) and let Y be the normalization of X in C{Y). Then 
X is a Zariski open set of Y and the gronp G acts freely on Y so that X = 
Y/G. The pnrity of branch loci implies that the normalization morphism 
/ : X —>■ X is a hnite etale morphism and that X is thereby smooth. 

We shall consider varions examples of affine psendo-coverings mostly in 
the case where X is a smooth affine snrface. Let X := X{d,r) be an affine 
psendo-plane. Then the nniversal covering X := X{d,r) of X has a Galois 
gronp H{d) = 'L/d'L. By Lemma [1.4.201 X contains an open set which is 
isomorphic to hJ and mapped snrjectively onto X by the covering mapping, 
where u: 6 H{d). Hence is a Galois affine psendo-covering of X. Slightly 
generalizing this resnlt, we can prove the following resnlt. 

Lemma 2.5.2 Let X be a Q-homology plane with A(X) = —oo. Hence 
there exists an hJ-fibration p ■. X ^ G, where G = hJ. Suppose that p has 
a unique multiple fiber dF, where F = hJ and d > 2. Then A^ is a Galois 
affine pseudo-covering of X with Galois group H{d). 

Proof. The proof is jnst a repetition of the previons argnment nsed in 
the constrnction of the nniversal covering of an affine psendo-plane. Let 
P = p{F) and let /r : G —?• G be a d-ple cyclic covering which ramifies totally 
over P and the point at infinity Pqo of G. Let X be the normalization of the 
fiber prodnct X XqG and f '■ Y —>■ X be the composite of the normalization 
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morphism Y X Xc C and the hrst projection X Xc C ^ X. Then / is 
a Galois etale covering, and the multiple hber dF splits into a disjoint union 
of d copies of the affine line on Y. Let Y be an open set of Y obtained by 
removing d — 1 copies of from f~^{F). Then Y is isomorphic to and 
mapped surjectively onto X by /. Q.E.D. 

We consider if the converse to the above remark holds. Let X be a smooth 
affine surface and let / : A^ —)■ X be a Galois affine pseudo-covering with 
Galois group G. Let Y := A^ and let / : X —)■ X be the normalization of 
X in the function held of A^. Then / is a hnite etale Galois covering with 
Galois group G and Y contains X as a Zariski open set. Furthermore, Y — Y 
is the disjoint union Gi of the curves isomorphic to A^ 0. 

Lemma 2.5.3 Let the notations and assumptions be the same as above. IXe 
assume, furthermore, that the following hypothesis (H) holds: 

g{Gi) n h{Gj) = 0 whenever g{Gi) ^ h{Gj) for I < i, j < r and g,h ^ G. 

Then there exists an A^-fibration p : Y ^ G such that the following condi¬ 
tions are satisfied. 

(1) The group G preserves the A^-fibration p. Namely, for any fiber com¬ 
ponent A of p, the translate g{A) is a fiber component ofp for g E G. 

(2) g{Gi) is a fiber component of p for 1 < i < r and g E G. 

^In fact, consider any A^-fibration p :Y := —>■ C. Then p extends to an A^-fibration 
p : Y —>■ C, where p = p \y and C contains C as an open set. Then it is readily shown 
that Y — Y consists of the fiber components of p which are necessarily isomorphic to A^. 
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(3) The hJ-fibration p restricts to an -fibration p -.Y ^ C, where C is a 
Zariski open set of C and isomorphic to and where p is surjective. 

(4) The curve C is isomorphic to either or . 

(5) There exists a group homomorphism a : G ^ Aut C which is injective. 

Let K be the function field of C. Then G is the Galois group of the 
field extension K/K, where K = . 

Proof. Since f : Y —)■ X is almost surjective, there exists a translate g{Gi) 
for some g & G such that g{Gi) fl F 7 ^ 0. Then g{Gi) C Y. In fact, if not, 
g{Gi) n Cj 7 ^ 0 for some j. This contradicts the hypothesis. Since g{Gi) 
is isomorphic to A^, Theorem of Abhyankar-Moh-Suzuki implies that there 
exists a trivial A^-bundle structure p \Y ^ G with g{Gi) as a hber, where 
G = A^. Note that if h{Gj) fl F 7 ^ 0 for h ^ G, then h{Gj) is a hber of p. 
Let F be a hber which is not of the form h{Cj) with 1 < j < r and h E G. 
Then, for any g E G, the translate g{F) meets none of the h{Cj). In fact, if 
g{F) n h(Gj) 7 ^ 0, then F fl g~^h{Gj) 7 ^ 0, which implies that F = g~^h{Gj) 
because both are the hbers of p. This is a contradiction to the choice of F. 
It is now clear that p \ Y ^ G extends to an A^-hbration on p : F G, 
where the parameter space G for p contains (7 as a Zariski open set. 

We shall show the assertion (5). Since G preserves the A^-hbration p : 
Y ^ G, there exists a natural group homomorphism a : (7 —?• Aut G. We 

®We may choose coordinates {x,y} on Y so that the curve g{Ci) is defined hy y = 0. 
Suppose that h{Cj) is defined by / = 0. Then / as well as / — a is irreducible for all a G fc 
by the theorem of Abhyankar-Moh-Suzuki. Suppose h{Cj) fl g{Ci) = 0. Then we have 
f(x, 0) = c € k. Namely, f — c = yg{x, y) with g{x, y) G k[x, y]. Since / — c is irreducible, 
we must have g{x,y) G k*. 
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shall show that a is injective. Since p : Y —)■ C* is a trivial A^-bundle, the 
generic hber Yj^ of p is the affine line Ah ;= Spec K[x\^ where K is the 
function held of C. Then we have 

g{x) = a{g)x + b{g) with a{g) G K*, b{g) G ih for g ^ G, 

where 

a{gh) = a{hya{g) and b{gh) = a{hyb{g) + b{hy for g,h ^ G. 

Suppose that Ker a y (0). Then it follows by induction that 

Kg"") = H-^ a(fi') + l) Kg) for g G Ker a, 

where 6(1) = 0. If a{g) y 1, then the point given by a; = —b{g)/{a{g) — 1) 
is left hxed by the action of g, but this is not possible because G acts on Y 
freely. If a{g) = 1 and m is the order of g, then b{g) = 0 because a{g)"^~^ + 

• • ■ + a{g) + 1 = m y 0 and b{g"^) = 0. Then g acts on Y trivially, and this 
is a contradiction. Hence Ker a = (1) and a is injective. Q.E.D. 

Theorem 2.5.4 Let X be a smooth affine surface and let f : A'^ ^ X 
be a Galois affine pseudo-covering with Galois group G. Assume that the 
hypothesis (H) in Lemma 1^.5. 31 is satisfied. Then the following assertions 
hold. 

(1) There exist an hf -fibration p ■. X ^ G and a finite G-morphism of 
smooth curves t : \ G ^ G such that the given morphism / : A^ ^ 
X factors as f = f o l, where f '■ Y X is a composite of the 
normalization morphism Y X Xc G with the normalization Y of 
X Xc G in the function field of hA and the canonical projection X Xq 
C —)■ X and where i ■. hA ^Y is an open immersion. 
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( 2 ) C is isomorphic to either orP^. 

(3) If C is isomorphic to and every fiber of p is irreducible, then X is a 
Q-homology plane and the Galois group is a cyclic group. Furthermore, 
the A^-fibration p \ X ^ C has a single multiple fiber. 

(4) If C is isomorphic to P^ and every fiber of p is irreducible, then the 
A^-fibration p : X ^ C has at most three multiple fibers. If there are 
three multiple fibers miFi with m* > 1 and Fi = A^, then {mi, m2, m3} 
is (2, 2, n}, (2, 3, 3}, (2, 3,4} or {2, 3, 5} up to permutations. 

Proof. Our proof consists of several steps. We may assume that the Galois 
group G is non-trivial. If G is trivial, the morphism / is an isomorphism. 

(I) Let Y := and let Y be the normalization of X in the function field of Y. 
We follow the proof of Lemma 12.5.31 By the construction of the A^-fibration 
p -.Y —)■ G, we find a G-stable open set W of Y such that Y — W is a. union 
of finitely many fibers of the A^-bundle and W = f/ x A^. Note that U is an 
open set of the affine line. Hence we may write U = Spec k[t,u{t)~^], where 
u(t) G k[t] and where we may assume that t \ u(t). Then W = Spec A with 
A = k[t,u{t)~^,x] and A* is generated by k* and distinct prime factors of 
u{t). Since A is a G-algebra over k, the G-action preserves A*. Hence G acts 
on the function field K := k{t). Let K = and A^ = A k{t) = K[x]. 
Then G is the Galois group of the field extension K/K and G acts on A^^. 
Hence, as in the proof of Lemma [2.5.31 we may write 


g{x) = a{g)x + h{g) with a{g), h{g) e K for g eG, 
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where 

a{gh) = a{hya{g) and b{gh) = a{hyb{g) + b{hy for g,h E G. 

By Theorem 90 of Hilbert, we hnd c G K* such that a{g) = c{C)~^ for g E G. 
By replacing x by cx, we may then assume that a{g) = 1. Then b{gh) = 
b{g) + b{hy for g,h E G. Hence b{g) = d — with d = /l^l- 

By replacing a; by a; + d, we may assume that g{x) = x for g E G. Namely, 
a suitable choice of the fiber coordinate x on the generic fiber (hence for all 
hbers over a sufficiently small open set of U), we may assume that the group 
G acts trivially on the hbers. We may assume that the curve U is chosen in 
such a way that G acts trivially on the factor in the product W = H x A^. 

(H) Let U be the quotient U/G. Then W := H x A^ is an open set of X, 
and W = W XjjU. The morphism /|^ : W —)■ W is induced by the quotient 
morphism q : U -E U. Let B and B be the smooth completions of U and U, 
respectively. Then B and B are isomorphic to P^. The morphism q extends 
to a morphism n \ B B. The G-action on U extends naturally to B and vr 
is the quotient morphism B ^ B/G, where B = B/G. On the other hand, 
the projection pi : W ^ U extends to a morphism p : X ^ G, where G is 
an open set of the curve B. Since p o / : A^ —)■ G is a dominant morphism, 
G is isomorphic to A^ or P^. Let G be the inverse image 7r“^(G) in the 
curve B. Then tt : G ^ G is a hnite (possibly ramihed) G-morphism with 
G = G/G. By the above construction, it follows that / : A^ —)■ X factors as 
h? —^ X Xc C X, where a is a birational morphism and the canonical 
projection px is a hnite morphism. Hence Y is the normalization of X XqG 



112 


CHAPTER 2. JACOBIAN CONJECTURE 


in the function field of y = A^, and f : Y ^ X factors as indicated in the 
statement, where l is an open immersion by Zariski Main Theorem. Note 
by the above construction that Y has an A^-£bration ]) ■. Y ^ C such that 
the restriction p \y- Y —)• p{Y) is an A^-bundle over A^. Thus the hrst and 
second assertions are verihed. 

(Ill) Suppose that C is isomorphic to A^ and every hber of p is irreducible. 
Then X is a Q-homology plane because Pic (X) is a finite torsion group. 
Since G is a hnite subgroup of Ant A^, G is a cyclic group. We shall show 
that the A^-hbration p : X —>■ G has a single multiple fiber. If there are no 
multiple hbers, then p : X —)• G is a trivial A^-bundle over A^. Hence X 
is isomorphic to hJ. Then f Y —)■ X is an isomorphism. This case was 
excluded at the beginning. Let rriiFi (1 < i < s) exhaust all singular fibers 
of p. Let Pi = p{Fi) and let Poo = B — C, where B = B/G = By the 
construction of Y in the assertion (2) (see also Lemma [2.5.51 belowL we know 
that 

(i) The Galois covering n : B ^ B ramihes at the points 7f“^(Pj) with 
ramihcation index N/rrii for 1 < i < s and totally ramihes over the 
point Poo; 

(ii) The curve G is isomorphic to A^ and p : P —)■ G has m, connected 
components over every point of 7f“^(Pi) for 1 < i < s, each of which is 
isomorphic to A^; 

(iii) In order to obtain X, we remove m* — 1 components from the fiber of 
p over every point of ^“^(Pj) for 1 < i < s. 
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Let N be the order of G. By the Riemann-Hurwitz theorem, we have 

N 

rrti 


E l V 

—K-i) + (iv-i), 

m- 

from which we obtain 


i=l 


1 1 , , 1 

-h-^-— (s — 1 ) + —. 

mi ms N 


This implies that s = 1 and mi = N. 


(IV) We shall consider the assertion (4). Snppose hrst that there are no 
mnltiple hbers of p. Hence p : X —)■ C is an A^-bnndle over C = P^. Hence 
Y = X Xc C and Y —)■ (T is an Ahbnndle over C = P^ as well. Since p |y 
is an A^-bnndle over A^, only one hber of p is removed to obtain Y. On the 
other hand, since vr : (7 —>■ C* is a hnite G-morphism with non-trivial G, the 
morphism f : Y ^ X is not an etale morphism. This is a contradiction. So, p 
has at least one mnltiple hber. Let mjA) (1 < i < s) exhaust all the multiple 
hbers of p, where G = P^ and let Pi = p{Fi). Suppose s > 2. Let g : D ^ G 
be a Galois covering which ramihes over the points Pi with ramihcation index 
mi. Such a covering exists by [8] and [15]. Let Z be the normalization of 
X Xc D and let h : Z —)■ X be a composite of the normalization morphism 
Z X Xc D and the projection X Xc D ^ X. Then h is an etale hnite 
morphism. Since f : Y —)• X is the universal covering morphism, there exists 
a hnite etale morphism t : Y ^ Z such that f = h o t. Hence the curve D 
is a rational curve. This implies that 



It then follows that s = 3 and {mi, m 2 , m 3 } is {2, 2, n}, {2, 3, 3}, {2, 3,4} or 
(2, 3, 5} up to permutations. Hence the assertion (4) holds. Q.E.D. 
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Let X be a smooth affine variety. We define the Makar-Limanov invariant 
ML (X) to be the intersection of the invariant snbrings of the coordinate ring 
of X nnder all possible Ga-actions on X. Let X be a Q-homology plane 
having the properties in the assertion (3) of Theorem I2.5.4I The Makar- 
Limanov invariant ML (X) is either a polynomial ring k[x] or the constant 
field k. By virtue of Theorem 11.4.101 the affine pseudo-plane X := X{d,r) 
has the Makar-Limanov invariant k[x] provided r > 2. On the other hand, 
we call a smooth affine surface X a Platonic -fiber space if X has an A^- 
fibration having the properties in the assertion (4) of Theorem 12.5.41 Let X 
be a smooth affine surface with as a Galois affine pseudo-covering. Lemma 
l2.5.5l below implies that the Picard rank dim Pic (X)q can be arbitrarily big. 

Lemma 2.5.5 Let p : X ^ C be an A^-fibration with C = A^ with one 
multiple irreducible fiber and r reducible fibers with respective multiplicity 
one. Write p*{Pq) = mFo with m > 1 and p*{Pi) = connected 

components Fij for 1 < i < r and ni > 1, where Fq and Fij are isomorphic 
to Ah Suppose m > Ui for all i. Let ti : C ^ C be a cyclic Galois covering 
of degree m ramifying totally over Pq and the point at infinity Poo- LG Y 
be the normalization of X Xq C and let p : Y —>■ G be the composite of the 
normalization morphism and the canonical projection, where G = A^. Let 
Qq = 7r“^(Po) and let 7r“^(Pj) = {Q\^\ ..., Then p~^{Qo) consists of 

m affine lines with multiplicity one and has also disjoint affine 

lines Kf for 1 < i < r and 1 < i < m. Leave only one component 
among the m affine lines in p~^{Qo) and leave one component, say Gf\ 
in YffjLi L'ij’ which is chosen so that the images of Cf'^ {1 < i < m) by 
f : Y ^ X cover for each 1 < i < r. Let Y be the open set 
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ofY with only one irreducible component left in p~^{Qo) and for 

1 < i < r and 1 < i < m. Then Y is isomorphic to and the restriction 
f = f \y'- Y X is a Galois etale pseudo-covering. It is easy to compute 
dim Pic (X)q = — 1). Hence dim Pic (X)q can he arbitrarily big. 

Proof. The proof should be clear from the construction. Q.E.D. 

It is almost clear that a Galois affine pseudo-covering of a topologically 
simply-connected smooth algebraic variety is trivial, that is to say, the cov¬ 
ering morphism is an isomorphism. There are, nonetheless, non-trivial 
affine pseudo-coverings of the affine space. We just give few examples in 
the case of A^. It is obvious that we can produce various examples of affine 
pseudo-coverings of A"' by taking direct products. 

Example 2.5.1 Let G be a smooth cubic curve in P^. Let P be a flex of 
C and let Ip he the tangent line of C at P. Choose a point Q on I such 
that Q ^ P and that the other tangent lines of 8 other flexes do not meet 
ip on Q. Consider the projection of P^ to P^ with center Q. Since every line 
i through Q other than ip meets the curve C either in three distinct points 
or in two distinct points with intersection multiplicities 1 and 2, we obtain 
an open set Y of G by omitting the point P and the points where the line 
through Q meets G with intersection multiplicity 2 and a surjective etale 
morphism f : Y —)■ A^ by restricting the projection onto Y. This morphism 

’’Let f -Y —>■ X be a Galois affine pseudo-covering, where 7ri(X) = (1). Let f :Y ^ X 
be the induced Galois etale finite covering, where Y is an open set of Y and / is the 
restriction of / onto Y. Then / is an isomorphism because 7ri(X) = (1). Hence f :Y ^ X 
is an open immersion such that codim j5f(X — f(Y)) > 2. Since Y is affine, it follows that 
X = f{Y). 
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has degree 3 and is non-Galois. 

Example 2.5.2 By the same constrnction as above, we can assnme that 
Y is rational. In fact, start with a cnspidal cnbic XqX 2 = Xj* and take the 
point Q := (0, 0,1) as the center of the projection. The lines throngh Q are 
given by {a(Xo — Xi) = X 2 | a G fc U (c)o)}. Let Y be the cnrve C with 
the cnsp, the point (0, 0,1) and one more point removed off and let / be the 
restriction of the projection from Q onto Y. Then f : Y —)■ is a snrjective 
etale morphism. 

The following result shows that the surfaces appearing in Theorem 12.5.41 
cannot be affine pseudo-coverinigs of A^. 

Theorem 2.5.6 Let X be either a Q-homology plane with ML (X) = k or 
a Platonic -fiber space possibly except for the case where the multiplicity 
sequence is {2,2,m} with m > 5. Then there are no etale morphisms from 
X to AT 

Proof. We first treat the case where X is a Q-homology plane with ML(X) = 
k. Let / : X —)• A^ be an etale morphism which we do not have to assume 
to be almost surjective. Let p : S' —>■ X be the universal covering, where S 
is an affine hypersurface xy = — 1 in A^. We refer to [29] for relevant 

results. Let ip = f ■ p. Then p : S —)■ A^ is an etale morphism. We show 
that such ip does not exist. Note that the canonical divisor Ks is trivial 
and r(C> 5 )* = k*. By a straightforward computation, one can show that 
a differential 2-form uj = {l/z^~^)dx A dy is an everywhere nonzero regular 
form. On the other hand, since p is etale, there exist elements f,g of r( 05 ) 
such that p*{df A dg) is an everywhere nonzero regular 2-form. Hence we 
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have u = c(p*{df A dg). Meanwhile, there exists a free Z/nZ-action given 
by {x,y,z) i—)■ where C is a primitive n-th root of unity with 

n = |G| and 0 < d < n. Then ({u) = and ^p*{df A dg) is invariant 

under this Z/nZ-action because (p splits via X. So, d{n — 1) is divisible by 
n, which is not the case. 

Next consider the case where X is a Platonic A^-£ber space. We consider, 
in general, the case where X has an A^-hbration p : X —)■ whose fibers are 
all irreducible. Let miFi,... ,mrFr exhaust all multiple fibers with rrii > 1 
and Fj = Ah As in the first case, the assertion holds provided Kx ^ Ox- 
We consider a smooth compactihcation of X such that V is obtained by 
a sequence a of blowing-ups from a minimal ruled surface with n > 0 
and the closures Fi of F* are unique (—1) components of the singular fibers 
<hj. Let T be the image under a of the unique boundary component which 
is transversal to the P^-hbration on V which extends the given A^-hbration 
p. Let M be a minimal section of and write T ^ M + ai with a hber i. 
Let ki be the coefficient of Fj in Ky which is written as 

r 

Ky ~ —2M — (n F 2)i F + ■■■). 

i=l 

Since T ~ M -|- a£, we have 

Kx-- \{2a-n-2)F^ — \i, (1) 

where i signifies abusedly the restriction of i on X. The dual graph of 
together with the proper transform T' of T looks like: 
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Let hi be the number of blowing-ups to be needed to produce this dual 
graph from the single hber of The center of the first blowing-up is 
called the starting point . We may assume that the starting point on the 
hber I does not he on the section T. We omit the suffix i to denote rrii, ki 
and hi- If m is small, we can express k in terms of h. Suppose m = 2. Then 
k = h. Suppose m = 3. Then k = h + 1 ii (—3) n T' = 0 and k = h ii 
(—3) flT' 7 ^ 0, where T' is the proper transform of T on and (—3) flT' = 0 
(resp 7 ^ 0) means that the adjacent component of T' in the graph is not 
(resp. is) a (—3)-component. Suppose m = 4. Then k = h + s — 1 with s > 3 
and h > s -|- 2 if the dual graph of <h has more than one branching vertices, 
where the vertices are connected to more than two adjacent vertices, which 
is necessarily as in Figure 1 below with the proper transform i' of i. 

-2 -2 


o' 

O'*' o 



Figure 1 
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If the dual graph of $ has only one branching vertex and (—4) flT' = 0 (resp. 
^ 0), then k = h + 2 (resp. k = h). Suppose m = 5. Then k = h,k = h + 2 
OT k = h + 3, resp. if (—5) fl T' 7 ^ 0, (—3) fl T' 7 ^ 0, or (—2) n T' 7 ^ 0, resp. 
There are two cases when (—2) fl T' 7 ^ 0. Namely, the proper transform i' 
meets either a (—2)-component of (—3)-component. On the other hand, it is 
rather easy to show by induction on the number of blowing-ups that k > m. 

We shall prove the assertion of Theorem 12.5.61 in the second case. Recall 
that T ~ M -1- a£, where a > n or a = 0. Suppose T 7 ^ M. Since X is 
a Platonic A^-£ber space, we have r = 3. Hence / > 0 in the relation (1), 
where 



In fact, ki/rrii > 1 and / > (2a — n — 2) -|- 3 > (2n — n — 2)-|-3 = n-|-l>l. 
So, we assume that T = M. In this case, we show that the following three 
conditions lead to a contradiction. 

(1) For every 1 < i < 3, /cj is divisible by hi and fcj > m*. 

(2) ELi = " + 2. 

(3) The intersection matrix of T' + — miFi) has a positive eigen¬ 

value. 

The conditions (1) and (2) are equivalent to saying that Kx is linearly equiva¬ 
lent to 0. The condition (3) is equivalent to saying that X is an affine surface. 
Let $ represent one of the three singular fibers with 1 < i < 3. Then $ 
is supported by f and the irreducible exceptional curves Ei,..., Eh, where 
Eh = F is & unique (—1) component. Note that T = M and M is untouched 
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under the sequence a of blowing-ups. We shall determine the coefficient a in 
the expression A := M + aC + which is subject to the relation 

{A ■ P) = {A ■ Ei) = 0 for 1 < i < h — 1. A straightforward computation gives 
the following result. 


Lemma 2.5.7 We have the following table. 


m 

k 

a 

2 

h 

U 

3 

hJ-1 

h+3 

9 

3 

h 

h 

9 

4 

hJ-s — 1 

(8s-3)(/i-s)-(12s-5) 

16{2(/i-s)-3} 

4 

hW2 

h+8 

16 

4 

h 

h 

16 

5 

hj- 3 

h+W 

25 

5 

hj- 3 

h+11 

25 

5 

h + 2 

h+6 

25 

5 

h 

h 

25 


Let (Uj be the coefficient of as computed as above for the fiber <hj for 
1 < i < 3. Then the condition (3) is equivalent to —n + ai + a 2 + > 0. 

We just indicate an outline of the proof in the case where = 

{2,3,5},A;i = hi,k 2 = h 2 and = h^. The conditions (1), (2) and (3) 
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impose 


Then we have 


hi > 4, ^2 > 6, h.3 > 10, 

hi ho ho 

li + + h > „. 

4 9 25 


hi 2, 4 , 

2 > T + 9 '“" + ^'*3 > 3- 


This is a contradiction. 


Q.E.D. 


We excluded the case {mi,m 2 ,m 3 } = {2,2,m} with m > 5. This is 
because we are not able to prove an inequality am > k with the above 
notations. So, we make the following conjecture. 


Conjecture 2.5.8 Let mF he a multiple fiber of a smooth -fiber space 
with irreducible fibers. Let k he the coefficient of F in the canonical divisor 
Kx- Define a rational number a by completing the fiber F in a singular fiber 
of a F^-fibration. Then we have am > k. 


Remark 2.5.9 Theorem 12.5.61 asserts, in fact, the following result. 

Let X he either a Q-homology plane with ML (X) = k or a Platonic 
A^-fiber space possibly except for the case where the multiplicity seguence is 
{2,2,m} with m > 5. Then there are no etale morphisms from X to an 
affine surface with trivial canonical divisor. 

We shall next consider the case of affine pseudo-planes. 


Theorem 2.5.10 Let X he an affine pseudo-plane of type {d,n,r). If r ^ 2 
then there are no etale morphism from X to hfi. 
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Proof. Let p : X ^ ^4 be the given A^-fibration with a multiple hber dFo, 
where A = A^. A simple computation using the smooth compactihcation 
{V,D) in Dehnition 11.4.51 shows that Pic (X) is isomorphic to 'Ljd'L with a 
generator Fq and the canonical divisor Kx is linearly equivalent to (r — 2 )Fo. 
Hence Kx ^ 0 unless r = 2. If there is an etale morphism ip : X ^ A^, then 
Kx is the inverse image of the canonical divisor of A^. Hence Kx ~ 0. So, 
we obtain the stated assertion if r 7 ^ 2. Q.E.D. 

We note that the differential module 12^ is the direct sum of an invertible 
sheaf and Ox by virtue of a result due to Murthy-Swan [ID]. So, 12;^ is trivial 
if and only if Kx rsj Q ^ 
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